ON THE SOLITON DYNAMICS UNDER SLOWLY VARYING MEDIUM FOR 
GENERALIZED KDV EQUATIONS 

CLAUDIO MUNOZ C. 

Abstract. We consider the problem of existence and global behavior of a soliton in a slowly varying 
medium, for a generalized Korteweg - de Vries equations (gKdV). We prove that slowly varying media in- 
duce on the soliton dynamics large dispersive effects at large time. Moreover, unlike gKdV equations, we 
prove that there is no pure-soliton solution in this regime. 



1. Introduction and Main Results 

In this work we consider the following generalized Korteweg-de Vries equation (gKdV) on the real line 

ut + {u^xx + f{x,u))^^{), inKtxM^. (1.1) 

Here u = u{t,x) is a real-valued function, and / : K x M — > M a nonlinear function. This equa- 
tion represents a mathematical generalization of the Korteweg-de Vries equation (KdV), namely the case 

ut + iuo,^ + u^)x = 0, inRtxR^; (1.2) 
another physically important case is the cubic one, /(x, s) = s^. In this case, the equation ( fTTTl ) is often ref- 
ered as the (focusing) modified KdV equation (mKdV). In general, mathematicians denote by generalized 
Korteweg-de Vries (gKdV) the following equation 

Ut + (uxx + u^^)x = 0, in E( X Kj.; rn > 2 integer. (1.3) 

Concerning the KdV equation, it arises in Physics as a model of propagation of dispersive long waves, 
as was pointed out by J. S. Russel in 1834 f42l. The exact formulation of the KdV equation comes from 
Korteweg and de Vries (1895) [27.1 . This equation was re-discovered in a numerical work by N. Zabusky 
and M. Kruskal in 1965 lISl. 

After this work, a great amount of literature has emerged, physical, numerical and mathematical, for 
the study of this equation, see for example 161 l23l ISTl l43l 1421 . This continuous, focused research on the 
KdV (and gKdV) equation can be in part explained by some striking algebraic properties. One of the first 
properties is the existence of localized, exponentially decaying, stable and smooth solutions called solitons. 
Given two real numbers xq and c > 0, solitons are solutions of ( 11.31 ) of the form 

u{t,x):^QrXx~xo-ct), Q^s) -.^c^Qic^^h), (1.4) 

and where Q is a explicit Schwartz function satisfying the second order nonlinear differential equation 

TO + 1 



2cosh2((l2_i):E) 



(1.5) 



Q"-Q + 0" = 0, Qix) 

'-2 cosli"(— 2 

In particular, this solution represents a solitary wave defined for all time moving to the right without any 
change in shape, velocity, etc. 

In addition, equation ( 11.3b remains invariant under space and time translations. From the Noether 
theorem, these symmetries are related to conserved quantities, invariant under the gKdV flow, usually 
called mass and energy: 

M[u](t) := / u^{t,x)dx= / ul{x)dx = M[u]{Q), (Mass), (1.6) 



2000 Mathematics Subject Classification: Primary 35Q51, 35Q53; Secondary 37K10, 37K40. 
Keywords and phrases: KdV equation, Integrability theory, soliton dynamics, slowly varying medium. 
This research was supported in part by a CONICYT-Chile anA an Allocation de Recherche grants. 



1 



2 



Soliton dynamics for perturbed gKdV equations 



and 

E[u]{t) := i / ul{t,x)dx — I u"'+\t,x)dx (1.7) 
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I f {uo)l{x)dx-^— f u^+\x)dx^E[u]{0). (Energy) 



Let us now review some facts about the gKdV equation ( 11.3b . with m > 2 integer. The Cauchy problem 
for equation dl.lb (namely, adding the initial condition u{t = 0) = uq) is locally well-posed for uq G 
H^{M.) (see Kenig, Ponce and Vega |28|). In the case m < 5, any H^{M.) solution is global in time thanks 
to the conservation of mass and energy (ll.6l )-( fL7] i. and the Galiardo-Nirenberg inequality 

u^+'<K{p){ f / ul)"^. (1.8) 



For m = 5, solitons are shown to be unstable and the Cauchy problem for the corresponding gKdV 
equation has finite-time blow-up solutions, see 1401 1411 [32l and references therein. It is believed that for 
TO > 5 the situation is the same. Consequently, in this work, we will discard high-order nonlinearities, at 
leading order 

In addition, there exists another conservation law, formally valid only for _L^(M) solutions: 

u{t,x)dx = constant. (1-9) 

The problem to consider in this paper possesses a long and extense physical literature. In the next 
subsection we briefly describe the main results concerning the propagation of solitons in slowly varying 
medium. 

1.1. Statement of the problem, historical review. The dynamical problem of soliton interaction with a 
slowly varying medium is by now a classical problem in nonlinear wave propagation. By soliton-medium 
interaction we mean, loosely speaking, the following problem: In ( II. lb . consider a nonlinear function 
/ = /(t, X, s), slowly varying in space and time, possibly of small amplitude, of the form 

f{t, X, s) ~ s™ as a; — ?> ±oo, for all time; 

(namely ( II. lb behaves like a gKdV equation at spatial infinity.) Consider a soliton solution of the cor- 
responding variable coefficient equation (II. lb with this nonlinearity, at some early time. Then we expect 
that this solution does interact with the medium in space and time, here represented by the nonlinearity 
f{t,x, s). In a slowly varying medium this interaction, small locally in time, may be significantly im- 
portant on the long time behavior of the solution. The resulting solution after the interaction is precisely 
the object of study. In particular, one considers if any change in size, position, or shape, even creation or 
destruction of solitons, after some large time, may be present. 

Let us review some relevant works in this direction. After the works of Fermi, Pasta and Ulam ifTTl . 
Zabusky and Kruskal ll55l (see ll42l for a review), where complete integrability was established for KdV 
and other equations, a new branch of research emerged to study the dynamics of solitons solutions of KdV 
under a slowly varying (in time) medium. Kaup and Newell [25] and after Karpman and Maslov Il24l 
considered the study of perturbations of integrable equations, in particular, they considered the perturbed 
(in time r) gKdV equation 

+ (/3(£T)'u^:r +Q(er)u™)^ = 0, 771 = 2,3; a,/3>0. (1.10) 

This last equation models, for example, the propagation of a wave governed by the KdV equation along a 
canal of varying depth, among many other physical situations, see 1241 131 and references therein. 

Note that this equation leaves invariant (11.6b and ( |1.9b . but the corresponding energy for this equation 

r 1 

is not conserved anymore. After the transformation t := l3{es)ds, u{t, x) := (^) "'"^ (£t)m(t, x), the 
above equation becomes 

ut + {uxx + u"')x = ej{et)u, where ej{et) := -9* [log(^)(£r(t))] . (1.11) 

TO — 1 p 

The authors then performed a perturbative analysis of the inverse scattering theory to describe the dynamics 
of a sohton (for the integrable equation) in this variable regime. Interestingly enough, the existence of a 
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dispersive shelf-like tail behind the soliton was formally described. This phenomena is indeed related to 
the lack of energy conservation (ll.7l l for the equation (II. lib . 

Subsequently, this problem has been addressed in several other works and for different integrable mod- 
els, see for example 1261 [T2l [131 [T4l . Moreover, using inverse-scattering techniques, the production of 
a second -small- solitary wave was pointed out in |[54l . see also ITSl . but an analytical and satisfactory 
mathematical proof of this phenomenon is by now out of reach of the current technology. The reader may 
consult e.g. the monograph by Newell ll47l . pp. 87-97, for a more detailed account of the problem. 

In addition, another important motivation for the study of this problem comes from an interesting point 
of view, given in Lochak Ii29j , see also Ii30il for a more detailed description. Based in formal conservation 
laws, the author points out that, in the case of equation (ll.lll i, well-modulated solitons are good candidates 
to be adiabatically stable objects for this infinite dimensional dynamical system. See B29l [30l for more 
details. 

In this paper we address the problem of soliton dynamics in the case of a slowly varying, inhomoge- 
neous medium, but constant in time. This model, from the mathematical point of view, introduces several 
difficulties to the study of the dynamical problem, as we will see below; but at the same time reproduces 
the production of a shelf-like tail behind the soliton, formally seen by physicists. Our main result states 
that, as a consequence of this tail, there is no pure soliton-solution (unlike gKdV) for this regime. This 
result illustrates the lack of pure solutions of non-trivial perturbations of gKdV equations. 

Now let us explain in detail the model we will study along this paper 

1.2. Setting and hypotheses. Let us come back to the general equation (II. lb . and consider e > a small 
parameter. Following equation (II. 10b . along this work we will assume that the nonlinearity / is a slowly 
varying x-dependent function of the power cases, independent of time, plus a (possibly zero) linear term: 

j f{x,s) := -Xs + ae{x)s'^, A > 0, m = 2, 3 and 4. 

\a,{x) ■=a{ex) eC^iR). ^^'^^^ 

We will suppose the parameter A fixed, independent of e. Concerning the function a we will assume that 
there exist constants K,'y > such that 

' 1 < a{r) < 2, a'{r) > for all r e R, 

< a{r) - 1 < Ke"''', for all r < 0, and (1.13) 
< 2 - a{r) < Ke-'^'^ for all r > 0. 

In particular, limr_j.-oo o-ir) = 1 and limr-j.+oo = 2. We emphasize that the special choice (1 and 2) 
of the limits are irrelevant for the results of this paper The only necessary conditions are that 

< a_oo ■— lim a{r) < lim a{r) =: Uoo < +oo. 

r— > — oo r— ^+C30 

Of course the decay hypothesis on a in (11.13b can be relaxed, and the results of this paper still should 
hold, with more difficult proofs; but for brevity and clarity of the exposition these issues will not be con- 
sidered in this work. 

Finally, to deal with a special stability property of the mass in Theorems l3.1l andl 6.1l (cf. also (16.22b ). we 
will need the following additional (but still general) hypothesis: there exists K > such that for m = 2, 3 
and 4, 

|(ai/™)(3)(s)| < A'(ai/")'(s), for all s e M. (1.14) 
This condition is generally satisfied, however a' must not be a compact supported function. 
Recapitulating, given < A < 1 , we will consider the following aKdV equation 

iut + {uxx->^u + a^{x)u"')^ = inMtxM^, 

jm = 2, 3 and 4; < £ < Eq; satisfying (frT3|) - (11714)) . 

The main issue that we will study in this paper is the interaction problem between a soliton and a slowly 
varying medium, here represented by the potential a^. In other words, we intend to study for (11.15b whether 
it is possible to generalize the well-known soliton-like solution Q of gKdV. Of course, it is by now well- 
known that in the case fit, x, s) — f{s), and under reasonable assumptions (see for example Berestycki 
and Lions [SJ), there exist soliton-like solutions, constructed via ground states of the corresponding elliptic 
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equation for a bound state. However, in this paper our objective will be the study of soliton solutions under 
a variable coefficient equation, where no evident ground state is present. 

To support our beliefs, note that at least heuristically, dl.lSI l behaves at infinity as a gKdV equation: 

\ut + {Uxx- >^U+Iu^).j: =0 d&X^-(X), (116) 

I Ui + {uxx — Au + 2u'^)x = as a; — > +oo. 
In particular, one should be able of to construct a soli ton-like solution u{t) of (11.151 1 such that 

u{t) Q{- - {I - \)t), ast-^-cx), 

in some sense to be defined. Here Q is the soliton of the standard gKdV equation given by ( 11.5b . Indeed, 
note that Q{- — (1 — X)t) is an actual solution for the first equation in ( 11.161 ). but on the whole real line, 
moving towards the left , to the right, or being a steady state depending onA>l,A<lorA = l 
respectively. 

On the other hand, after passing the interaction region, by stability properties, this solution should 
behave like (for small e) 

2^ '"-1 Qc^ {x — (coo — A)t — p{t)) + lower order terms in e, as i — > +cxd, (1-17) 
where Coo is a unknown, positive number, a limiting scaling parameter, and p{t) small compared with 
(coo — A)t. In fact, note that if u = v{t) is a solution of ( |1.3l l then u{t) := 2~ ^-^ v{t) is a solution of 

ut + (ua;^; - Am + 2u")j; = inMtxR^. (1.18) 

In conclusion, this heuristic suggests that even if the potential varies slowly, the soliton will experiment 
non trivial transformations on its scaling and shape, of the same order that of the amplitude variation of the 
potential a. 

Before stating our results, some important facts are in order. First, unfortunately equation ( 11.151 ) is not 
anymore invariant under scaling and spatial translations. Moreover, a nonzero solution of ( 11.151 ) might lose 
or gain some mass, depending on the sign of u, in the sense that, at least formally, the quantity 

M[u]{t) = ]- I u^{t,x)dx (1.19) 
2 Jr 

satisfies the identity 

dtM[u]{t) = ^ / a'{ex)u"'+\ (1.20) 

rn + 1 7u 

Another key observation is the following: in the cubic case m = 3, with our choice of a^, the mass is 
always non increasing. This simple fact will have important consequences in our results, at the point of 
saying that the cubic case corresponds to a well-behaved problem, a sort of good generalization of the pure 
power case. 

On the other hand, the novel energy (A > 0) 

Ea[u]{t):=^ [ ul{t,x)dx + ^ [ u^{t,x)dx ^— - ( a,{x)u'^+^{t,x) dx (1.21) 

2 Jr 2 7j{ to + 1 

remains formally constant for all time. Moreover, a simple energy balance at ±oo allows to determine 
heuristically the limiting scaling in ( 11.171 ). for example in the case A = 0, if we suppose that the lower 
order terms are of zero mass at infinity. Indeed, from ( 11.171 ) we have 

Ea^i[u]{~oo) = E[Q] ^ 2-^c^^~'E[Q] = Ea^2[u]i+^), E[Q] ^ 0, 

(cf. Appendix IF. 11 1. This implies that Cqo 2™+3 > 1. These formal arguments suggest the following 
definition. 

Definition 1.1 (Pure generalized soliton-solution for aKdV). 

Let < A < 1 be a fixed number. We will say that (11.15b admits a pure generalized soliton-like solution 
(of scaling equals 1) if there exist a real valued function p ~ pit) defined for all large times and a global 
in time i/i(M) solution u{t) of ( 11.151 ) such that 

lim \\u{t) - Q{- - (1 - A)t)IUi(M) = lim \\u{t) - 2-^Q,J- - pW)Li(k) = 0, 
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with liint_>.+tx) p{t) = +00, and where 0^0 = Coo(A) is the scaling suggested by the energy conservation 
law([L2l). 

Remark 1.1. Note that the existence of a translation parameter p{t) is a necessary condition: it is even 
present in the orbital stability of small perturbations of solitons for gKdV, see e.g. HUT] ID- Note that we 
have not included the case p{t) — > —00 as t — > +00 (= a reflected soliton), but we hope to consider this 
case elsewhere. 

1.3. Previous analytic results on the soliton dynamics under slowly varying medium. The problem of 
describing analytically the soliton dynamics of different integrable models under a slowly varying medium 
has received some increasing attention during the last years. Concerning the KdV equation, our belief is 
that the first result in this direction was given by Dejak, Jonsson and Sigal in ||9] [TOl. They considered 
the long time dynamics of solitary waves (solitons) over slowly varying perturbations of KdV and mKdV 
equations 

ut + {u^x-b(t,x)u + u"^)x=0 onMtxM^, m = 2,3, (1.22) 
and where b is assumed having small size and small variation, in the sense that for e small, 

\d^dPb\ < e"+P+\ for < n + p < 2. 

(Actually their conclusions hold in more generality, but for our purposes we state the closest version to our 
approach, see ||9| for the detailed version.) With these hypotheses the authors show that if m = 2 and the 
initial condition uq satisfies the orbital stability condition 

inf ||mo - (3c(- - a)||/fi(M) < s < ^, cq, ci given, 

0<co<c<ci Z 

then for any for time t < Ke^^ the solution can be decomposed as 

u{t,x) = Qc(t){x - p{t)) +w{t,x), 
where ||w(t)||/fi(R) < Ke^ and p{t), c{t) satisfies the following differential system 

p'{t) = c{t) - b{t, a{t)) + 0(e2«), c'{t) = 0{e^')- 
during the above considered interval of time. In the cubic case (m = 3) their results are slightly better, see 

m- 

Note that our model can be written as a generalized, time independent Dejak- Jonsson-Sigal equation of 
the type ( 11.22b . after writting u(t, x) := d{ex)u{t, x), with d{ex) :— a'"-i (ex). From these considerations 
we expect to recover and to improve the results that they have obtained. 

Very recently Holmer [22] has announced some improvements on the Dejak-Sigal results, by assuming 
b of amplitude Ol=° (!)■ He proves that 

sup IkWIUi(R) <e'/'"^ 

t<Se-^\loge\ 

for some 5 > 0. 

In this paper, in order to achieve a deep understanding of the phenomenon we have preferred to avoid 
the inclusion of a time depending potential, and to treat the infinite time prescribed and pure data, instead 
of the standard Cauchy problem. This election will be positively reflexed in the main Theorem, where we 
will describe with accuracy the dynamical problem, including its asymptotics as t +00. 

The interaction soliton-potential can be also considered in the case of the nonlinear Schrodinger equation 

iut + Uxx-V{ex)u+\u\'^u = 0, on x M^. (1-23) 

We mention the recent works of Holmer, Marzuola and Zworski |fT9l l20l I2TI and Gustafson et al. lfT6l[T7l . 
where similar results to the above one were obtained. Finally we point out the very recent work of Perelman 
fSQ] , concerning the critical quintic NLS equation. 
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1.4. Main Results. Let 

T, := e-i-TTO > 0. (1.24) 

1 — A 

This parameter can be understood as the interaction time between the soliton and the potential. In other 
words, at time t = —T^ the soliton should remain almost unperturbed, and at time t = the soliton 
should have completely crossed the influence region of the potential. Note that the asymptotic A ^ 1 is a 
degenerate case and it will be discarded for this work. 

In this paper we will prove (cf. Theorems ll.llll.2l and ll.3b that for a suitable general case a pure soliton- 
like solution as in Definition ll.ll does not exist, in the sense that the lower order terms appearing after the 
interaction have always positive mass. This phenomenon will be a consequence of the dispersion produced 
during the crossing of the soliton with the main core of the potential a^. 

In what follows, we assume the validity of above hypotheses, namely (11.12b . (11.13b and (11.14b . As has 
been previously claimed, our first result describes in accuracy the dynamics of the pure soliton-like solution 
for aKdV ( fUST i. 

Theorem 1.1 (Dynamics of interaction of solitons for gKdV equations under variable medium). 

Let m — 2,3 and 4, and let < X < Xq :— be a fixed number There exists a small constant 

Eg > such that for all < e < Eq the following holds. 

(1) Existence of a soliton-like solution. There exists a solution u £ C(IR, iJ^(R)) of M.15\ . global in 
time, such that 

lim \\u{t)-Q(--{l-X)t)\\Hiiji)=Q, (1.25) 

with conserved energy Ea[u]{t) = (A— Ao)Af [Q] < 0. This solution is unique in the cases m — 3; 
and m — 2,4 provided A > 0. 

(2) Interaction soliton-potential. There exist K > and numbers Coo(A) > 1, pe,Te S R such that 
the solution u{t) above constructed satisfies 

\\u{f,) - 2-i/(™-i)Q^^(3, _ p,)\\^^^^^ < Ke'/^. (1.26) 

Moreover, 

Coo(A = 0) = 2^, and Coo(A = Ao)-l. (1.27) 
Finally we have the bounds 

\Te'~t\<^- (l-A)r, <p, <(2coo(A)-A-l)T,. (1.28) 

Remark 1 .2. Let us say some words about the special parameter Aq from above. First, note that Aq = Aq (to) 
is always less than 1 for to = 2, 3 and 4; with Ao(to = 5) =0 (= the L^-critical case). In addition, note 
that for A = Ao we have Ea[u]{t) = (A - Xo)M[Q] = 0; and if A < Aq one has Ea[u]{t) < 0, for afl 
t gM.. For more details about the consequences of this property, and a detailed study of Cao (A) see Lemma 

M 

Remark 1 .3. The proof of this result is based on the construction of an approximate solution of ( 11.151 ) in the 
interaction region, satisfying certain symmetries. However, at some point we formally obtain an infinite 
mass term, see also 1371 for a similar problem. It turns out that to obtain a localized solution we need to 
break the symmetry of this solution (see Proposition l4.6l for the details). This lack of symmetry leads to the 
error e^/^ in the theorem above stated. At this price we overtake the interaction region, a completely new 
result. 

The next step is the understanding of the long time behavior of our generalized soliton solution. 

Tlieorem 1.2 (Long time behavior). 

Under the assumptions ofTheorem \l.l\ suppose now in addition that < A < Xgfor the cases m — 2,A, 
and < X < Xq if m — 3. Let < f3 < ^(Coo(A) — A). There exists a constant Eq > such that for all 
< e < £o the following hold. 

There exist K,c^ > and a -function P2{t) defined in [T^, +oo) such that 

w+{t,-) :-^t,.)-2-i/(™-i)g^+(.-p2(t)) 

satisfies 
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^ limsup ||u;+(t)||l^i(R) <E+ < Ke. (1.33) 



(1) Stability. For any t > T^, 

+ |c+ - Coo(A)| + Ip'sW - (coo(A) - A)| < Ke^'\ (1.29) 

(2) Asymptotic stability. 

lim |lw+(i)|Ui(,>^t) = 0. (1.30) 

(3) Bounds on the parameters. Define 9 := ^^^^ — ^ > 0. The limit 

lim Ea[w+]{t) (1.31) 

exists and satisfies the identity 

= 22/(„!^i) (^0^^ - + - ^o)M[Q], (1.32) 

and for all m — 2,3,4 and < A < Aq there exists K{X) > such that 
1 

Furthermore, in the case m = 3, X = 0, we have ^E~^ — (^)^^^ — 1, and for all A > 0, 

^ limsup Ww+mj,,^^^ < {2L)''^l<Ke. (1.34) 

i— v+oo Coo 

Remark 1 .4. Stability and asymptotic stability of solitary waves for generalized KdV equations have been 
widely studied since the '80s. The main ideas of our proof are classical in the literature. For more details, 
see e.g. HKHClllllllll. 

Remark 1.5. The sign of a'(-) is a sufficient condition to ensure stability; however, it may be possibly 
relaxed by assuming for example the weaker condition a'(s) > for all s > sq- In this paper we will not 
pursue on these assumptions. It is not known whether under more general potentials stability still holds 
true, see also below. 

Remark 1.6 (Decreasing potential). Pick now a potential a(-) satisfying a'(s) < and 

1 = lim a{s) > a{s) > lim a(s) — — . 

Let us explain the main changes in the above theorems. First of all. Theorem 1 1.1 1 part (1) holds true, 
however we do not know whether the solution constructed is unique. On the other hand, part (2) holds true 
with the coefficient 2 '"-i in front of Qc^, < Coo(A) < 1, and Coo(A = 0) = (see Lemma l4~4l to 
see this). ( 11.281 1 holds true with the obvious changes. Finally, Long time stability (=Theorem ll.2b for this 
case is an open question. 

A fundamental question arises from the above results, namely is the final solution an exactly pure soliton 
for the aKdV equation with = 2? (cf. Definition ll.il ) This question is equivalent to decide whether 

limsup ||u;+(t)||^i(R) = 0. 

Our last result shows that indeed this behavior cannot happen. 

Theorem 1.3 (Non-existence of pure soliton-like solution for aKdV). 

Under the context ofTheorems \l.l\ and \1.2\ suppose m = 2,3,4 with < A < Aq. There exists Eq > 
such that for all < e < Eq, 

limsup 11 II ffi (K) >0. (1.35) 

Remark 1.7. We have been unable to solve several questions related to these results. In addition to the 
classical problem of the extension of these results to more general potentials a(-), we have the following 
questions in mind: 
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(1) A first basic question is to decide if every solution of (11. 15b with (R) data is globally bounded 
in time. In Proposition 12.21 we prove that every solution is globally well defined for all positive 
times, and uniformly bounded if A > or m = 3. However, for the cases m = 2, 4 and A = we 
only have been able to find an exponential upper bound on the iJ^-norm of the solution. Is every 
solution described in Theorem I 1 . 1 1 globallv bounded? 

(2) In the cases m — 2,4 and A = 0, is the solution constructed in Theorem 11.11 unique ? Is it stable 
for large times? (cf. Theorem l6.1b . 

(3) What is the behavior of the solution for a coefficient Ao < A < 1? We beUeve in this situation the 
soliton still survives, but becomes reflected to the left by the potential. 

(4) It is possible to obtain in Theorem |1.3| a quantitative lower bound on the defect at infinity? 

(5) Is there scattering modulo the soliton solution, at infinity? 

Remark 1.8. The case of the Schrodinger equation considered in ( 11.231 1 will be treated in another publica- 
tion (see [i45j .) 

Remark 1 .9 (Case of a time dependent potential). As expected, our results are also valid, with easier proofs, 
for the following time dependent gKdV equation: 

+ (uxx - Au + a(et)u"):r = 0, inMiXR^. (1.36) 

Here a satisfies ( I1.13b - (ll.l4b now in the time variable. Note that this equation is invariant under scaling 
and space translations. In addition, the integral and the mass M[u] remain constants and the energy 

satisfies 

d,E[u]{t) = -'-^ f u"^+\ 

Furthermore, Theorems O and [O] still hold with Coo (A = 0) = 2^/(5-™) (because of the mass con- 
servation), for any A > 0, m = 2,3 and 4 (follow Lemma l4!4l to see this). We left the details to the 
reader. 

Before starting the computations, let us explain how the proof of the main results work. 

I. 5. Sketch of proof. Our arguments are an adaptation of a series of works by Martel, Merle and Mizu- 
machi [31. 35. .38.. 34.. 37], and some new computations. The idea is as follows: we separate the analysis 
among three different time intervals: t <C —e^^, \t\ < e and e^^ ^ t. On each interval the solution 
possesses a specific behavior which we briefly describe: 

(1) {t ^ —e~^). In this interval of time we prove that u{t) remains very close to a soliton-solution 
with no change in the scaling and shift parameters (cf. Theorem l3.ll) . This result is possible for 
negative very large times, where the soliton is still far from the interacting region \t\ < e^^. 

(2) {\t\ < e~^). Here the soliton-potential interaction leads the dynamics of u{t). The novelty here 
is the construction of an approximate solution of ( |1.15b with high order of accuracy such that 
(a) at time t ^ — e^^ this solution is close to the soliton solution and therefore to u{t); (b) it 
describes the soliton-potential interaction inside this interval, in particular we show the existence 
of a remarkable dispersive tail behind the soliton; and (d) it is close to u{t) in the whole interval 
[— e~^,e~^], uniformly on time, modulo a modulation on a translation parameter (cf. Theorem 
KB- 

(3) (t ^ e~^) Here some stability properties (see Theorem 16. lb will be used to estabUsh the conver- 
gence of the solution u{t) to a soUton-like solution with modified parameters. 

Additionally, by using a contradiction argument, it will be possible to show that the residue of the 
interaction at time t ^ e^^ is still present at infinity. This gives the conclusion of the main Theorems ll.il 

II. 31 Indeed, recall the conserved quantity from ( |1.9b . This expression is in general useless when the 
equation is considered on the whole real line R, however it has some striking applications in the blow-up 
theory (see [40J ). In our case, it will be useful to discard the existence of a pure soliton-like solution. 
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Remark 1.10 (General nonlinearities). We believe that the main results of this paper are also valid for 
general, subcritical nonlinearities, with stable solitons. In this case the scaling property of the soliton is no 
longer valid, so in order to construct an approximate solution one should modify the main argument of the 
proof. 

Finally, some words about the organization of this paper, according to the sketch above mentioned. First 
in Section|2]we introduce some basic tools to study the interaction and asymptotic problems. Next, Section 
|3] is devoted to the construction of the soliton like solution for negative large time. Sections 14.11 and |5] 
deal with the proof of Theorem ll.il In Section|6]we proof the asymptotic behavior as i — > +oo, namely 
Theorem ll.2l Finally we prove Theorem ll.3l (Sectionl7]). 



2. Preliminaries 

In this section we will state several basic but important properties needed in the course of this paper. 

2.1. Notation. Along this paper, both C, A', 7 > will denote fixed constants, independent of e, and 
possibly changing from one line to the other. 

Finally, in order to treat the case A > we need to extend the energy (11.7b by adding a mass term. Let 
us define 

E,[um i / ulit) + ^ I u'it) I u^+\t), (2.1) 

^ JR ^ JR + J- Jr 

namely Ei[u] = Ea=i[u]. 

2.2. Cauchy Problem. First we develop a suitable local well-posedness theory for the Cauchy problem 
associated to dl.lSb . 

Let uq e iJ*(M), s > 1, A > 0. We consider the following initial value problem 

iut + {u^^~Xu + a^{x)u"')^=0 inMtxK^ ^^^^ 
]^u{t = 0) = uo, 

where m = 2, 3 or 4. The equivalent problem for the generalized KdV equations (11. 3b has been extensively 
studied, but for our purposes, in order to deal with ( 12. 2b , we will follow closely the contraction method 
developed in |28 1. We have the following result. 



Proposition 2.1 (Local well-posedness in iJ*(R), see also 1281 ). 

Suppose Uq G H^{R), s > 1. Then there exist a maximal interval of existence I {with G /), and a 
unique (in a certain sense) solution u G C{I, H'^{R)) of i2.2i . Moreover, the following properties hold: 

(1) Blow-up alternative. If snp I < +00, then 

lim ||u(t)||H-'(R) = +00. (2.3) 

t^sup / 

The same conclusion holds in the case inf I > —00. 

(2) Energy conservation. For any t £ I the energy Ea [u] (t) from ( 17.271 ) remains constant. 

(3) Mass variation. For alltEl the mass M[u] (t) defined in ( 17.791 ) satisfies ( 17.201 ). 

(4) Suppose Uq G 77^(R) n 77^ (M). Then ( 17. 9b is well defined and remains constant for all t £ I. 

Proof. The proof is standard, and it is based in straightforward application of the Picard iteration procedure 
and the tools developed in ll28l . We skip the details. □ 

Once a local-in-time existence theory is established, the next step is to ask for the possibility of a global 
well-posedness theorem. In many cases the proof reduces to the use of conservation laws to obtain some 
bounds on the norm of the solution for every time. In the case of gKdV equations (m < 4) this was proved 
in II28I I by using the mass and energy conservation; however, in our case relation (11.20b is not enough to 
control the norm of the solution. As we had stated in the Introduction, the global existence for cubic 
case m = 3 follows from the mass decreasing property. However, to deal with the remaining cases, we 
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will modify our arguments by introducing a perturbed mass, almost decreasing in time, in order to prove 
global existence. Indeed, define for each t G I, m — 2,3 and 4, 

M[u]{t):=l [ al/'^{x)u'^{t,x)dx. (2.4) 

It is clear that M[M](t) is a well defined quantity, for any time t e / and u solution of ( I2.2l i in g^fRV Note 
also that for alH e /we have the equivalence relation A/ < M[u]{t) < 2^/"'M[u\{t). 
This modified mass enjoys of a striking property, as is showed in the following 

Proposition 2.2 (Global existence in H'^(R)). 

Consider u{t) the solution of the Cauchy problem (\2.2]l with u{0) = mq G (R) and maximal interval 
of existence I. Then u{t) is continuously well defined in (R)/or any t > 0. More precisely, the following 
properties hold. 

(1) Cubic case. Suppose m — S, X > 0. Then I — (io, +oo) for some — oo < to < and there exists 
K — i\r(||wo||ifi(R)) > such that 

sup||u(t)||^i(R) < K. (2.5) 
t>o 

(2) Almost monotony of the modified mass M and global existence. For any m — 2,3 and 4, and for 
all t Cz I we have 

dtM[u]{t) = / (ai/™)'(£x)u2 - | / [\{a'/"'y - e^a'/'''nex)u\ (2.6) 



In particular, 

(a) / is of the same fo mi as above; 

(b) If X > there exists Eq > small such that ( 12.51 ) holds; 

(c) if X — and m = 2, 4, then we have for all t > the exponential bound 

hWllffMR) <^e^''*' (2.7) 
for some K = i^(||Mo||//i(»))- 

Proof of Proposition \2.2\ First we consider the cubic case, namely m = 3. From ( 11.201 1 we have for any 

^ e /, t > 

M[u]{t) < M[u]{0). 

This bound implies the global existence for positive times. Indeed, the above bound rules out the blow- 
up in (positive) ^nife and infinite time scenario, namely ( 12.3b . In order to control the iJ^(M) norm, we 
use the energy conservation, the Galiardo-Nirenberg inequality ( 11.81 ) and the preceding bound on the mass. 
Indeed, for any t E I, t > 0, and redefining the constant K if necessary, we have 

2 Jr 2 7r m + 1 7r 

Noticing that ^(to — 1) < 1 for m = 2, 3 and 4, we have that 



/ 

jR 



ul < K{X, llwollffifR)); 



for a large constant K. This bound implies the H^{M) global existence for all positive times and the 
uniform bound in time (I2.5ll. The bound (I2.5ll is direct. 
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In order to prove i2.6i . we proceed by formally taking the time derivative. Every step can be rigorously 
justified by introducing mollifiers. From the equation (11.15b we have 

dtM[u]{t) = f al^"'uut= [ {al/"'u)^{u,.,-\u + a,u"') 

= e I ((ai/'")'(ex)uu,, ~ ha^/-^)\ex)ul) - [ {a''"')' {ex)u^ 

jR ^ ^ JR 

+e / ae(a'/™)'(£a;)M'"+i — f ( iex)u"'+^ 

Jr m + 1 Jr 

^ ^[A(ai/")'(£a;) -£2(ai/™)(3)(£2.)]y2 _ L /" (a^/'^y {£x)ul. 



This proves ( 12.61 1. Now, in order to establish global H^{M.) existence for positive times, we first control the 
norm using M[u]{t). Let us consider the case A > 0. In this case, taking Eq small enough, and thanks 
to (11.141 1. we have 

dtM[u]{t)<0, 

and thus M[u] (t) < M[u] (0) for alH e /, t > 0. The rest of the proof is identical to the cubic case. 

Now we consider the last case, namely m = 2,4 and A = 0. Here the above argument is not valid 
anymore and then we have only the existence of A' > independent of e such that 

dtM[u]{t) < Ks^M[u](t). 

This implies that for any t £ I, t > 0, 

M[u]{t) < M[u]{t) < A:M[w](0)e^^'*. 

This bound rules out the blow-up infinite time scenario for positive times. To control the (M) norm, 
we use the same argument from the preceding case. Indeed, for any t E I, redefining the constant K if 
necessary, we have 



I 

JR 



for some large constant K. This bound implies the H^{M.) global existence for positive times. The proof 
is now complete. □ 

Remark 2.1 (Mass monotony). A conclusion of the above Proposition is the following. Consider u{t) € 
H^{M.) a solution of (ll.lSl l. Define de following modified mass 

MMW:J^^M(^)' ^f™ = ^' (2.8) 
[M[u]{t), if TO = 2, 4 and A >0. 

Then there exists Sq > such that for all < £ < and for all t e M, t > to, one has M[u]{t) — 
M[u](to) < 0. 

We will also need some properties of the corresponding linearized operator of (11.15b . All the results 
here presented are by now well-known, see for example | 



2.3. Spectral properties of the linear gKdV operator. In this paragraph we consider some important 
properties concerning the linearized KdV operator associated to (11.15b . Fix c > 0, to = 2, 3 or 4, and let 

Cw{y) := -Wyy + cw - mQ"'^^{y)w, where Qc{y) := c'^Q{y/cy). (2.9) 
Here w — w{y). We also denote Cq :— Lc=i- 

Lemma 2.3 (Spectral properties of £, see ll36l ). 

The operator C defined (on i^(M)j by (12.9b has domain i?^(]R), it is self-adjoint and satisfies the 
following properties: 

(1) First eigenvalue. There exist a unique Am > such that CQc ^ = —^mQc ^ ■ 
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(2) The kernel of C is spawned by Q'^. Moreover, 



m — 1 



Qc 



(2.10) 



satisfies C{AQc) = ~Qc- Finally, the continuous spectrum of C is given by acont{C) = [c, +oo). 

(3) Inverse. For all h — h{y) G L^(]R) such that hQ'^ ~ 0, there exists a unique h E i/^(M) such 
that /iQc = and Ch = h. Moreover, ifh is even (resp. odd), then h is even (resp. odd). 

(4) Regularity in the Schwartz space S. For h £ (K), Ch £ S implies h £ S. 

(5) Coercivity. 

(a) There exists K, (Tc > such that for all w £ H^{M.) 



B[w, w] 







2 




[ w^~K 


/ wQc 




f wQ', 



In particular, if J^wQc = J^^wQ'^ = 0, then the functional B[w,w] is positive definite in 
(b) Now suppose that J^^ wQc — wxQc = 0. Then the same conclusion as above holds. 



Now we introduce some notation, taken from 11351 . We denote by y the set of C°° functions / such that 
for all j e N there exist Kj ,rj > such that for all a; G M we have 



|/(-'")(x)|<i^,(l + |x|Pe- 



-\x\ 



Now we recall the following function to describe the effect of dispersion on the solution. Let c > and 



ip{x) := 



Q{x) 



Q'c 



~ y/cip{^/cx). 



(2.11) 



Note that ip is an odd function. Moreover, we have 

Claim 1 (See ll36l ). The function ip above defined satisfies: 

(1) lim2,_i._oo ^p{x) = -1; lim^_j.+oo = 1. 

(2) For all a; £ M, we have \>f'{x)\ + \ip"{x)\ + \ip'-^\x)\ < Ce-I^L 

(3) Both ip', (1 - ^2) e y_ 

Remark 2.2. The function ip has been already used to describe the main order effect of the collision of two 
solitons for the quartic KdV equation (see ll35l ). In that case, ip represented the nonlinear effect on the shift 
of solitons due to the collision. In this paper, (p will describe the dispersive tail behind the soliton product 
of the interaction with the potential a^. For more details, see Lemma l43] 



We finish this section with a preliminary Claim taken from ll35l . 
Claim 2 (Non trivial kernel, see ll35l ). There exists a unique even solution of the problem 

Moreover, this solution is given by the formula (cf. Lemma |23] for the definitions) 



Vo{y) 



iAQ(y), form = 2, 

Q^{y), for m = 3, and 
y . 



i[Q'(y)/o'Q'-2Q^(j/)] 

Finally, this solution satisfies {Cq{1 + Vq))' = (1)' = 0. 



for m — 4. 
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3. Construction of a soliton-like solution 

3.1. Statement of the result. Our first effort concerns with the proof of existence of a pure soliton-Hke 
solution for ( 11.15b for t — > — oo. Indeed, we prove that, at exponential order in time, there exists a solution 
u{t) of the form 

and where Q is a soliton for the gKdV equation. 

Theorem 3.1 (Existence and uniqueness of a pure soliton-like solution). 

Suppose < < 1 fixed. There exists Eq > small enough such that the following holds for any 
< £ < £o. 

(1) Existence. There exists a solution u G C(R, iJ^(M)) of M.15^ such that 

lim ||u(t)-g(.-(l-A)t)||^i(R) =0, (3.1) 

and energy Ea [u] (t) = (A — Xo)M[Q] . Moreover, there exist constants 7 > such that for all 
time t < — -^Tg and s > 1, 

\\u{t) - Q{- - (1 - A)i)lke(M) < Ke-^e'-'K (3.2) 

In particular, 

\\u{-T,) - Qi- + (1 - A)T,)|Ui(a) < ife-ie--^^"™ < Ke''>, (3.3) 

provided < e < Eq small enough. 

(2) Uniqueness. In addition, this solution is unique in the following cases: (i) m = 3; and (ii) 
m = 2,4flnJ0 < A < 1. 

Remark 3.1. This result follows basically from the fact that inside the region x < ~^T^ the potential is 
constant (= 1) at exponential order (see ( |1.13t ). In other words, the equation ( 11.151 ) behaves asymptotically 
as a gKdV equation, for which soliton solutions exist globally. 

Remark 3.2. Note that the energy identity in (1) above follows directly from ( 13.11) . Appendix IF. 1 1 and the 
energy conservation law from Proposition l2.1l 

Remark 3.3. The uniqueness of u{t) in the general case is an interesting open question. 

The proof of this Theorem is standard and follows closely ||3T1 . where the existence of a unique N- 
soliton solution for gKdV equations was established. Although there exist possible different proofs of this 
result, the method employed in 1311 has the advantage of giving an explicit uniform bound in time (cf. 
( I3.2I 1). This bound is indeed consequence of compactness properties. For the sake of completeness, we 
sketch the proof in AppendixlAl 

Remark 3.4. An easy consequence of the above result is the following. Consider u{t) the solution con- 
structed in Theorem |3.1| Then from the negativity of the energy Ea and the Galiardo-Nirenberg inequality 
(11.8b there exists a constant K > such that for all time t e M, 

^\\u{t)\\Hiiw) < I|wWIIl2(k) < K\\u{t)\\Hiim). (3.4) 
Moreover, ifm = 3orrn = 2,4 and A > 0, then we have 

sup||u(i)||/fi(R) < K\\u{-^T^)\\Hi(R)- (3.5) 

tGR ^ 

This last estimate shows that, in order to understand the limiting behavior at large times of u{t), we may 
consider only the L^-norm. 
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4. Description of interaction soliton-potential 

Once we have proven the existence (and uniqueness) of a pure sohton-like solution for early times, 
the next step consists on the study of the interaction soliton-potential. In this sense, note that the region 
[— Tg, Te] can be understood as this nonlinear interaction regime, because of a^{—Tg) ^ 1 and ae{T^) ^ 2 
(cf. (frTa - Ol ). 

The next result shows explicitly that perturbations induced by the potential are significative, of order 
one, mainly focused in the scaling and shift parameters. Moreover, the soliton exits the interaction region 
as a first order solution of the aKdV equation ( 11.15b with = 2, and a small error, dispersive term, of 
order £1/2 iniJi(M). 

Before state the main result of this section, let us recall Ap the parameter introduced in Theorem ll.il 
These coefficients have a crucial role to distinguish different asymptotic behaviors. 

Theorem 4.1 (Dynamics of the soliton in the interaction region). 

Suppose < X < Aq. There exist constants eo > 0, and Coo(A) > 1 such that the following holds for 
any < e < Eq. l^t u — u{t) be a globally defined solution of U.lSi such that 

\\u{^T,) - Q{- + (1 - A)T,)||hi(r) < Ke'/\ (4.1) 

Then there exist Kq — Ko{K) > and p{T^), Pi{T^) G M such that 

||w(r, + pi(T,))-2-i/('"-i)Q,^(.-p(T,))||ffr(K) <ifoe'/2. (4.2) 

In addition, Coo(A = {)) = 2^, p = ^'^g , and Coo{X = Aq) 1. Finally, we have the bounds 

|pi(Te)|<^, (l-A)T, <p(r,)<(2coo(A)-A-l)T„ (4.3) 
valid for Eq sufficiently small. 

Remark 4.1. The above theorem is a stability result ensuring that, under the hypotheses of Theorem ll.il 
the soliton survives the interaction, with the scaling predicted by the conservation of energy. 

Remark 4.2. Even if from Theorem [TT] we have an exponential decay on the error term at time t = — 
(cf. (I3.3l l and (14.1b ). we are unable to get a better estimate on the solution at time t = T^. This problem is 
due to the emergency of some order e^^'^ dispersive terms, hard to describe using soliton based functions. 
This new phenomenon has high similarity with a recent description obtained by Martel and Merle for the 
colUsion of two soli tons of similar sizes for the BBM and KdV equations, see Il37l . 

Remark 4.3. We do not know whether the above result is still valid in the range A > Aq. Formal compu- 
tations suggest that in this regime the soliton might be refiected after the interaction. We hope to consider 
this regime in a forthcoming publication. 

The proof of this Theorem requires several steps, in particular this Section and Section |5] deal with the 
proof of this result. As we have mentioned in the introduction of this paper, we will construct an approxi- 
mate solution of ( 11.151 ). In the next section we prove that the actual solution describing the interaction of 
the soliton and the potential is sufficiently close to our approximate solution. 

4. 1 . Construction of an approximate solution describing the interaction. Let us remark that, after the 
time — Te, the interaction begins to be nontrivial and must be considered in our computations. The objective 
of the following sections is to construct an approximate solution of ( 11.15b . which describes the first order 
interaction between the soliton and the potential on the interval of time [— T^, T^]. The final conclusion of 
this construction is presented in Proposition l4.6l below. 

Our first step towards the proof of Proposition l4.6l is the introduction of a suitable notation. 

4.2. Decomposition of the approximate solution. We look for , x), the approximate solution for ( II. lb . 
earring out a specific structure. In particular, we construct u as a suitable modulation of the soliton Q{x — 
(1 — \)t), solution of the KdV equation 

ut + {u^x -Xu + u"')x = 0. (4.4) 
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Let c — c{et) > 1 be a bounded function to be chosen later and 

y:=x-p{t) and R{t,x) :^ (4.5) 

a{ep{t)) 

where 

rt 

a(s):=a^(s), p{t) := -{I- X)T, + {c{es) - X)ds. (4.6) 

The parameter a intends to describe the shape variation of the soliton along the interaction. 
The form of u{t, x) will be the sum of the soliton plus a correction term: 

u{t,x) -.^ R{t,x) +w{t,x), (4.7) 

w{t,x) ■.= eAc{et;y), (4.8) 

where :— ^c(et) (si; v) — c™-i A{et; \fcy) and ^ is a unknown function to be determined. 

We want to measure the size of the error produced by inserting u as defined in ( 14.8b in the equation 
( [ni l. For this, let 

S{u\{t, x) := ut + {urj: - Au + aeu"")^. (4.9) 



Finally, let us recall the definition of the linear operator C given in ( 12.91 ). Our first result is the following 

Proposition 4.2 (First decomposition of S{u)). 

For every t € [—Te, T^], the following nonlinear decomposition of the error term S[ii\ holds: 

S[u]{t,x) = e[Fi - {CA^)y]{et; y) + e^[(yl,)t + c'(et)AA,](et; y) + e'^£{t,x), 

where KAc{y) := \{-;^Ac{y) + \y{Ac)y{y)) (cf Lemma\2Ji and 



~a{ep{t))^'^y'^ ~a--{ep{t)y m-l' 



and £{t, x) is a bounded function in [— T^, T^] x M. 

Proof. We prove this result in Appendix IB] □ 

Note that if we want to improve the approximation u, the unknown function Ac must be chosen such 
that 

(Q) {£Ac)y{et;y)=Fi{et;y), forallyGM. 

Then the error term will be reduced to the second order quantity S[u] — e'^[{Ac)t + c' {et)AAc]{et; y) + 
£'^£{t, x). We prove such a solvability result in a new section, of independent interest. 

4.3. Resolution of (ft). When solving problem (ft), we will see below that it is not always possible to 
find a solution of finite mass. In fact, we will look for solutions such that time and space variables are 
separated; 

Ac{t,y) = b{et)^c{y) + d{et) + h{et)Ac{y); (4.11) 

where b{s), d{s) and h{s) are exponentially decreasing in s, (pc is the bounded function defined in ( 12. lit 
and Ac E y (recall that lim±oo (pc — ±\/c.) 

This choice gives us a crucial property. Recall that c > 1. We say that Ac satisfies the (IP) property (IP 
= important property) if and only if 



Any spatial derivative of Ac{et, •) is a localized J^-function, 
and there exists K,^ > such that \\Ac{et, Olli^rR) < Ke~'^'^*^ for all t eR. 



(IP) 

Note that a solution of the form (14.11b satisfies the (IP) property. 
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4.3.1. Resolution of a time independent model problem. In this subsection we address the following exis- 
tence problem. Let us recall from ( 12.91 ), £o :— ~dyy + 1 — mQ"^~^{y). 

Given a bounded and even function F = F{y), we look for a bounded solution A = A{y) of the 
following model problem 

(£0^)' = ^^. (4.12) 

satisfying A bounded. The following result deals with the solvability theory for problem (I4.12l i. in the 
same spirit that Proposition 2.1 in [351 and Proposition 3.2 in L44J . 

Lemma 4.3 (Existence theory for ( I4.12l l). 

Suppose F £ y even and satisfying the orthogonality condition 

FQ = 0. (4.13) 

Let (3 = ^ J-jg^F. For any (5 G M, problem l\4.12i has a bounded solution A of the form 

A{y)=My)+S + A,{y), withA,{y)ey. (4.14) 

Finally, this solution is unique in i^(K) modulo the addition of a constant times Q' . 

Proof. Let us write A :— /3(p + (5(l + Vb) + Ai, where /3, 5 G MandAi G 3^ are to be determined. Inserting 
this decomposition in ( |4.12| i. we have (£o^i)' ^ F — f3{Co(py , namely 

£oAi^H-(3£oV + -f, H{y):^ [' F{s)ds, (4.15) 

^ — oo 

and where 7 := £0^1 (0) — H{s)ds. Without loss of generality we can suppose the constant term 
7 = — /?, because from Claim|2]£o(l + Vo) = ^, thus any constant term can be associated to the free 
parameter 6. 

Now, from Lemma l23] the problem (14.12b is solvable if and only if 



/ {H - PiCoip + l))Q' ^ f HQ'= [ FQ^O, 



namely ( I4.13l i (recall that LqQ' = 0.) Thus there exists a solution Ai of ( 14.151 ) satisfying AiQ' — 0. 
Moreover, since 



lim {H - PiCoip + my) = 0, lim {H - P{C,,ip + l)){y) ^ F-2f3, 

we get Ai provided P = \ ^^F,hy Lemma lZll This finishes the proof. □ 

4.3.2. Existence of dynamical parameters. Our first result concerns to the existence of a dynamical system 
involving the evolution of first order scaling and translation parameters on the main interaction region. This 
system is related to the orthogonality condition FiQc = 0, see proof of Lemma|4j: 



Lemma 4.4 (Existence of dynamical parameters). 

Suppose m — 2,3 or 4. Let Xo,p, a(-) be as in Theorem 14. l\ and iL13\l . There exists a unique solution 
{p, c), with c bounded positive, monotone, defined for all t > —Tg, with the same regularity than a(e-), of 
the following system 



'c'iet) = p cist) [cist) - A] ^{ep{t)), c{^eT,) = 1, 
p'{t)=c{et)-X, p{-T,) = -{l-\)T,. 



(4.16) 



In addition, 

(1) If X = Aq, one has c = 1. 

(2) IfO < A < Ao then for all t > —T^ one has c{et) > 1 and limf_>._(-oo c{et) — c^o + 0{£^'^), where 
Coo — Coo (A) > 1 is the unique solution of the following algebraic equation 

c^icoo-^f-^' Coo>l. (4.17) 

Moreover, X G [0, Aq] i— ?■ Coo(A) >1 is a smooth decreasing application, and Coo(A = 0) = 2^. 
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Remark 4.4 (Case A — 0). In this situation, there exists a simple imphcit expression for c{et): 

^ ^ ^ aP{-eT^) 
Using the strict monotony of a, from this identity we can find expUcitly c{£t). 

Remark 4.5. Note that the critical value Aq can be seen as the exact value of A such that the solution 
u{t) constructed in Theorem 13. II has zero energy. Indeed, note that from Theorem 13. II we have Ea[u] = 
(A — Xo)A'I[Q]. This implies that Ea[u] = (> 0, < resp.) if A = Aq (A > Aq, A < Ao resp.). Because 
of this phenomenon the study of the soliton dynamics for A > Aq is an open question. 

Proof of Lemma The local existence of a solution (c, p) of (14.16b is a direct consequence of the 
Cauchy-Lipschitz-Picard theorem. 

Now we use ( 14.161 ) to prove a priori estimates on the solution c. Note that 

-^lf±-\-c'iet)^p{c{st) - X)-{ep)^pp'{tf-{ep). 
c{et){c{st) - ^) a a 

In particular, 

(1 - Xo)dt log(c(et) - -^) + \adt logc(et) = pdt \oga{ep). 

^0 

By integration on [— Te, t], using c{~eT^) = 1, we obtain 

c'HetMet) - A)i-A„ ^ (1 _ A)i-Ao /" Jfl (4.18) 
Ao Ao aP(-e(l - X)T^) 

Since 1 < a < 2, c is bounded and p is bounded on compact sets and consequently we obtain the global 
existence. One proves in particular c' > and 

c^'>{et) < aP{ep), and thus 1 < c{et) < 2^ . (4.19) 

Moreover, limt-y^-oo c{et) exists and satisfies limt_>._|_oo c{et) = Coo + 0(e^°), where Coo is a solution 
of ( 14.171 1. after passing to the limit in ( 14.181 1. In order to prove the uniqueness of the solution of ( 14.17b . 
consider for p,> 1 the smooth function 

gin; A) p'«{p - A)1-Ao _ 2^(1 - A)1-Ao. 

Ao Ao 

Note that in the case A < Aq we have A) < and 

d.gip; A) = /"-1(m - f - A) > (1 - f )-^° > 0. 

Ao Aq 

This implies that there exists a unique Coo(A) > 1 such that g{coo{X); A) = 0. This proves the uniqueness. 
The smoothness of the application A e [0, Ao] Coo(A) is an easy consequence of the Implicit Function 
Theorem. 

Finally we prove that A i-> Cco(A) is a decreasing map. To do this, we take derivative in ( 14.171 ). We 
obtain 

Coo(A)^«-i(coo(A)-A) , _ ,1 c^iX) 2^ 



-^(A) = (^-1 



(Coo(A)-^)Ao ^ ^Ao ^L(c^(A)- A)A„ (l-^)Ao 



Ao' 



< (f -l)(l-^)-'°(l-2P)<0. 

Ao Ao 



□ 



4.3.3. Conclusion of resolution of iyi). 



Lemma 4.5 (Resolution of (il)). 

Suppose < A < Ao and c{et) given by Ii4.16\l . There exists a solution Ac — Ac{st; y) of 

iCAcy{et;y)^Fi{st;y), (4.20) 

satisfying (IP) and such that 
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(1) For every te [-T„T,], 

(A,{et;-)eL°-{R), A,{et;y) ^ b{et){^,{y) - c^/^) + h{et)A,{y), 
\A,ey, \b{et)\ + \hiet)\<Ke"'^\*\. 

(2) linij^^+oo Ac{y) = 0. 

Remark 4.6. The function Ac models, at first order in e, the shelf-Hke tail behind the soliton, a dispersive 
effect of the interaction soliton-potential. 

Proof. We prove this lemma in three steps. 

Step 1. Reduction to a time independent problem. We suppose c given as in Lemma l4~4l Note that Fi 
in (14.101 1 can be written as follows 

a™ '■ Ao TO — 1 

Consider now the functions 

F,{y) pAQ - -^Q + (yQ™)'; F,{y) -^Q - f AQ = -^Q - ^^AQ. 

TO— 1 TO— 1 Ao TO— 1 5— TO 

We claim that if c(et) satisfies ( 14.16b then every term in Fi has the correct scaling, as shows the following 
result. 

Claim 3. Suppose A{y), A{y) solve the stationary problems 

{LoA)'=Fi, {CoA)'=Fi. (4.22) 

Then for all t e M, 

Ac{et;y) ^^c^-^ {et)\A + Xc-\et)A] {c^'\et)y) 

is a solution of (14.201 1. 
Proof. Note that 

{CAcY = 4i£4c^+i[-i" + i-TOQ™-ii]'(ci/2y) 
a™ [ep) ^ ■' 

[ - A" + i - mQ-^A]\c^lhj) 
a"^[ep) a'^[ep) 



a™(ep) TO— 1 a™-{ep) to— 1 Aq 

This finishes the proof. □ 

The above Claim reduces to time independent problems. 
Step 2. Resolution of i4l2l . 

Claim 4. There exists A, A solutions of ( 14.221 ) satisfying ( I4.14l i. 

Proof According to Lemma l43] it suffices to verify the orthogonality conditions 

FiQ^ I FiQ = 0. 
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Indeed, using Lemma IFTI in Appendix |F] 

[ F,Q = p [ AQQ ~ [ [ QiyQ^y 



m — 1 771+1 

(5 — 77i) 



4(777 - 



1) 777 + 3 Jr 



Similarly 



/ 

Jr 



FiQ = f AQQ + ^— f Q^ 

5 — 777 Jjj 777 — 1 Jjj 



5 — 777 4(777 — 1) Jr 777 —1 

Thus, by invoking Lemma l43] there exist solutions A, A of ( I4.22l i of the form 

('i(7/) = /3^(7/) + 5 + ii(y), Aiey, 

and where f3, i3, S,S E M. Moreover, /3, /3 are given by the formulae 

I r ~ 1 r 1 111 If 

2Jr 2 7r 777-1 2 777-1 2 777-1 7r 

2(777 + 3) 7r 
for each 777 = 2, 3 and 4. On the other hand 

2^777 - 1 5 - 7^ 2(777 - 1)7r^ 2(5 - 777) Jr ^ ^ 

for each 777 = 2, 3 and 4. □ 

Final step. Finally, to get limj^_i.+oo A{y) = limj^_j.+oo A{y) = we choose 5 = — /3 and 6 — 
This proves the last part of the lemma. With this choice we have 

i(7/)=/3(^(7/)-l) + ii(y), i(y) =/3(^(7/)-l) + ii(y), Ai,A,ey. 

Using Claim[3] an actual solution Ac{et; y) of ( I4.20l i is obtained by considering 

Aciet;y) := ^M.c^ {et)[A + Xc-\et)A]{c'/'y) 

= : b{et){ip,{y)-c^^^) + H£t)My), A e 3^, • 

where 

This finishes the proof of Lemma |43] □ 

Remark 4.7. We emphasize that in any case Ac G L^(R), even if it is exponentially decreasing in time. 
This non summable solution must be modified in order to obtain a finite mass solution. 

Before continuing with the construction of the approximate solution, we need some crucial estimates on 
the parameter c{et). 

Remark 4.8 (Bounds for c{et)). From the bound on c{et) in (14.18b we conclude that for all t G [— Tg, T^] 

1 < c(et) < 2^. 
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4.4. Correction to the solution of Problem (il). Consider the cutoff function r/ e C°° (M) satisfying the 
following properties: 

f0<?7(s)<l, 0<77'(s)<l, foranyseR; ^3) 
I r]{s) = for s < —1, 77(5) = 1 for s > 1. 

Define 

rk(y) T]{ey + 2), (4.24) 
and for Ac = Ac{et; y) solution of (14.20b constructed in Lemma |431 denote 

A#{et;y) ■.^fjMMst^y)- (4-25) 

Now redefine 

u:= R + w = R + eA#. (4.26) 

where R is the modulated soliton from ( I4.5l l. 

The following Proposition, which deals with the error associated to this cut-off function and the new 
approximate solution u, is the principal result of this section. 

Proposition 4.6 (Construction of an approximate solution for (ll.lSI l). 

There exist constants Eq^K > Q such that for all < e < Eq the following holds. 

(1) Consider the localized function A^ defined in Ii4.24\l - ^.25\l . Then we have 

(a) New behavior. For flZZ t e [-T^^T^], 

I A#iet,y) = forally<-l, ^^^^^ 
\ A^{et,y) ^ Ac{et,y) forally>-\. 

(b) Integrable solution. For all t& [-T^,T^], •) e H^{M.) with 

|!eA#(rf,.)||Hi(R) <i^e^e-'^^l*l. (4.28) 

(2) The error associated to the new function u satisfies 

\\S[u]{t)\\HHm<K£'^e-^'\'\ (4.29) 
and the following integral estimate holds 

\\S[u\{t)\\HHmdt<Ke^'^. 

Proof. The proof of ( |4.27| l is direct from the definition. To prove ( 14.281 1 it is enough to recall that 

For the proof of (14.291 1. see AppendixjC] □ 

4.5. Recomposition of the solution. In this subsection we present some important estimates concerning 
our approximate solution. More precisely, we will show that u at time ±.T^ behaves as a modulated soliton 
with the scaling given by the formal computations at infinity. We start out with some model -ff ^-estimates. 
Lemma 4.7 (First estimates on u). 

(1) Decay away from zero. Suppose f = f(y) G y. Then there exist K,j>0 constants such that for 

allte [-Te,re] 

II«'M/(2/)||hi(k) <^e^^^l*l. (4.30) 

(2) Almost soliton solution. The following estimates hold for all t G [— T^jT^]. 

\\ut + ic-X)u^\\H^^J,)<Kee-^'\'\, \\ut + {c - X)u,h^^j,) < Kee~^'\*\ , (4.31) 

u,,~Xu + a,u"' - (c- A)?i + 0i2(R)(ee-T"l*l), (4.32) 

and 

\\{u,, - CU + a,u"'%\\mm) < Kee-^'\*\ + Ke\ (4.33) 
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Proof. The proof of ( |4.30l l is a direct consequence of ( |1.13l l and the fact that p'{t) — c{et) — A > 1 — A, 
for all t e M. 

Now let us prove ( 14.31b . From ( 14.261 1 we obtain 

c' a' 

ut + {c-X)u^ = e-rAQc- e-r^{c- X)Qc + e[{A#)t + c{A^)^] 
= e[{A^)t + c(A#),] + (E)(ee-^^l*l). 
Now, from ( IC.3b in Appendix|Cl we know that 

£[(A#), + c{A^U = s^c - XW^A, + OH.(R)(£ie-^-l*l) = 0^i(K)(£ie-^-l*l). 

This estimate completes the proof of the _ff ^-estimate. The iy°°-estimate follows directly from the contin- 
uous Sobolev embedding H'^iR) ^ L°°{R). 
Concerning (|4.32| i. note that from ( |4.28l l 

u^^-Xu + a,u"' = {c- X)u + e[{A^)^^ + ma^R"'-^A^] 

+Oi.(K)(£e-^^l*l) + 0(£2|^#|2) 

= (c- A)u + Oi2(R)(ee-^^l*l). 

Finally we deal with (|4.33l l. Note that [uxx — cu + a^u"'']x = S[u] — ((c — A)^^: + ut); the conclusion 
follows directly from (|4.29b and (14.31b . □ 

The next result describes the behavior of the almost solution u at the endpoints t = — T^, T^. 

Proposition 4.8 (Behavior at t = ir^). 

There exist constants if, Eq > such that for every < £ < Eq the approximate solution u constructed 
in Proposition \4. 6\ satisfies 

(1) Closeness to Q at time t — —T^. 

\\u{-^T,) - g(. + (1 - A)r,)||ai(K) < if£i". (4.34) 

(2) Closeness to 2~^/^''^~^^Qc^ at time t = T^. Let Coo{X) > 1 be as defined in Lemma \4~4\ Then 

\\u{T,) - 2-i/("-i)Q,^(. _ piTMuHK) < Ke'°. (4.35) 

Proof. By definition, 

ui-T,) - Q{- - pi-T,)) = Ri-T,) - Qi- + (1 - A)r,) + wi-T,). 
From Lemma l43] we have 

||u;(±T,)|Ui(K) = ||eA#(±T,)||Hi(K) < Ke^/'e-^^''^ < Ke'\ 
for e small enough. On the other hand, from p{—T^) = — (1 — X)T^ and using the monotony of a, we have 

1 < ci^eT,) < {ep{-T,)) <l + e^°. 

In conclusion we have 

\\R{-T,) - Q(. + (1 - A)T,)||hi(r) < Ke'°, 
as desired. Estimate ( 14.35b is totally analogous, and we skip the details. □ 

In concluding this section, we have constructed and approximate solution u describing, at least formally, 
the interaction soliton-potential. In the next section we will show that the solution u constructed in Theorem 
I3.1l actuallv behaves like u inside the interaction box [— T^, T^]. 
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5. First stability results 

In this section our objective is to prove that the approximate solution u describes the actual dynamics of 
interaction in the interval [— , T^] . The next proposition is the principal result of this section. 

Proposition 5.1 (Exact solution close to the approximate solution u). 

Let K > jip. There exists eo > such that the following holds for any < £ < Eq. Suppose that 



\S[u]{t)\\mij,)<Ke'^^e-'<'\'\, f \\S[um 



^dt<Ke^, (5.1) 



and 

\\u{-T,) - u(-T,)||j^i(R) < (5.2) 

with u — u{t) a _ff^(M) solution of f |i.75| ) in a vicinity of t — — T^. Then u(t) is defined for any t £ 
[—T^,Tcr] and there exist Kq — Kq{k,K) and a C^-function pi : [—T^,T^] — >■ R such that, for all 

Mt + pi{t))-u{t)\\Hiim)<Koe^, \p[{t)\ < Koe\ (5.3) 

Before the proof, we clarify some important details about the statement of the proposition. 

Remark 5.1. Note that u has to be modulated in order to get the correct result. However, in this case we 
have not modulated on the scaling and spatial translation parameters because (11.151 1 is not invariant under 
these transformations. Nevertheless, we still have another degeneracy, due to time translations, which 
fortunately allows to control the dynamics of the solution u for every t e [—T^, Te]. In this sense, the 
new time s{t) := t + pi{t) can be interpreted as a retarded (or advanced) time of the actual solution with 
respect to the approximate solution. Moreover, note that for e small enough, 

s'{t)^l + p'it)>^>0, 

for all t e [~T^, Te]. This means that we can inverse s{t) on s{[-T,, T^]) C ^[-T^, T,]. 

From the proof we do not know the sign of p'i{t), so in particular we do not know if the solution u is 
retarded or in advance with respect to the approximate solution u. 



Proof of Propositio ns. 1\ Let K* > 1 be a constant to be fixed later. Let us recall that from Proposition 
IZ2lwe have that u{t) is globally well-defined in H^{M). Since \\u{-T^) - u{-T^)\\hi{V) < Ke"^, by 
continuity in time in iJ^(K), there exists -T^ <T* <Ts with 

T* := sup {T e [-Te, Te], such that for all t e T], there exists r{t) e M with 

\\u{t + r{t))-u{t)\\H^m<K*e'^). 

The objective is to prove that T* = T^ for K* large enough. To achieve this, we argue by contradiction, 
assuming that T* < T^ and reaching a contradiction with the definition of T* by proving some independent 
estimates for \\u{t + r{t)) — 'u(t)||i/i(R) on [— T^, T*], for a special modulation parameter r{t). 

5.1. Modulation. By using the Implicit function theorem we will construct a modulation parameter and 
to estimate its variation in time: 

Lemma 5.2 (Modulation in time). Assume < e < £{){K*) small enough. There exists a unique 
function pi{t) such that, for allt € [— T^jT*], 

z{t) = u{t + pi{t)) - u{t) satisfies / z{t, x)Q'^{y)dx = 0. (5.4) 



Moreover, we have, for all t G [— T^, T*], 

|pi(-T,)| + \\z{-T,)\\hhw.) < Ke% \\z{t)\\Hi(R) < 2K*e\ (5.5) 
In addition, z(t) satisfies the following equation 

zt + {l + Pi){z.cc - Az + a,[{u + zr ~ u""]}, - p'lUt + (1 + p[)S[il] = 0. (5.6) 
Finally, there exist K,^ > independent of K* such that for every t G [— T^, T*] 



(5.7) 
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Proof. The proof of (|5.4t - (|5.5l ) is by now well-know and it is a consequence of the Implicit Function 
Theorem. See e.g. |35| for a detailed proof. On the other hand, the proof of ( I5.6l l follows after a simple 
calculation using (11.15b . 

Finally, we prove (15.7b . From (I5.4b - (l5.6b we take time derivative and replace Zt to obtain 



= {l + p[) {z^^~cz + a,[{u + zr~u"']]Q'^ 

+p[ [ {ut - (c - X)zM - (1 + P'l) I S[u]Q', + ec'iet) I zAQ'^. 



(c-A) / Q',^ + 0{e+\\z{t)U^R)) 



First, note that 

p'l / ("t - (c - >^)Zx)Q'c 
JR 

On the other hand, 

{z,^-cz + a,[{u + zr'-u"']}Q'^ = - /z£g:,' + 0(ee-^^l*l||z(t)||i2(R)) 

Jr 

+ 0{\\z{t)\\l,^^^). 

Collecting these estimates, and using the fact that is small, we get desired result. 

5.2. Control on the Qc direction. We recall from ( 11.7b that the energy of the function u{t + pi{t)) is 
conserved, moreover, Ea[u{t + pi{t))] — Ea[u]{t) for any t e T^, T*]. In what follows, we will made 
use of this identity to estimate z against the degenerate direction Qc. First we prove that the approximate 
solution u has almost conserved energy. 

Lemma 5.3 (Almost conservation of energy). 

Consider u the approximate solution constructed in Proposition \4.6\ Then 

(5.8) 



□ 



dtEa[u]{t) - - y {uxx - Au + a,u"')S[u] 

In particular, there exists K > Q independent of K* such that 

\Ea[u]{t)~Ea[u]{-T,)\<Ke\ 
Proof. We start by showing ( 15.8b . From ( 14.9b we have 



(5.9) 



S[u](uxx — Au + a^u™) 



1 



ul 



A 



1 



m + 1 



-dt 



= -dtEa[u]{t), 

as desired. 

Now we consider ( 15.9b . From Cauchy-Schwarz inequality, we have 

\dtEa[u]{t)\< K\\S[u]{t)\\LHm^ 
for some constant K > 0. After integration and considering (15.1b . we get the result. 

Lemma 5.4 (Control in the Qc direction). 

There exists K,^ > 0, independent of K* such that for < e < Eq small enough, 

K 



□ 



Qc{y)z 



< 



,'^ + e'/'e-^^\nm\\LHR) + Mt)\\HH 



c{et) - A 

Proof. Consider the conserved energy Ea[u{t + pi)]; we expand this term and make use of the identity 

u{t + pi) — u{t) + z{t) to obtain 



Ea[u + Z]{t) 



EcMit) 
1 



zl + 



A 



m + 1 



ae[{u + z) 



m+l _ yTO+l 



- (m + l)u™z] 
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First, note that 

/ AM + a,w")(i) = / z{u,, - \u + a,u'^){-T,) + {EaMt) - Ea[u]{~T,)} 

We use now (14.32b : 

f z{u,,-Xu + a,ii"')^{c-X) f uz + 0(ee'T^I*l||z(t)|U2(R)) 

jR JR 

The conclusion follows from the above identity and ( |5.9l l. 
5.3. Energy functional for z. Consider the functional 

J'it) ■=l f (4. + c{et)z^) ^— f a,[{u + z)'"+i - u"'+^ - (m + 

Lemma 5.5 (Modified coercivity for J^, second version). 

There exist K, vq > 0, independent of K* and e such that for every t G [—T^^ T^] 

2 



□ 



(5.10) 



Proof. We write 

m = 



K{ee-'^\'\+e^)\\z{t)\\l.^^^-K\\z{t)\\ 



{z1 + cz^ ~ ma^u^"- ^z^) 
1 



m + 1 



a,[{u + z)"+i - - (m + l)u™z - -m(m + l)^r-^z^ 



(5.11) 
(5.12) 



In the case m = 2 the term ( I5.12l i above is identically zero, and for m — 3,4 we have | (j5.12l) | < 

^ii^wiii.(M)- 

On the other hand, the first term above looks as follows 

ma'{ep) 



It is clear that 



ma'{ep) 



2a{ep) 



yQZ^-'z' + 0{e'\\z{t)\\U^,). 



2a{ep) 



< Kee 



-7£|t| 



urn 



Finally, from Lemma l23l we have the existence of constants KjI^q > such that for all t G [—T^, T*] 



- izi + c{st)z' ~ mQl^-'z') > :^o\mrm 



K 



QcZ 



□ 



Now we use a coercivity argument to obtain independent estimates for F{T*). 

Lemma 5.6 (Estimates on !F{T* )). 

The following properties hold for any t € [— Tj^, T*]. 
(1) First time derivative. 



zt{z^,^ ~cz + ae[{u + z)™ - u™]} + \ec{et) [ 

^ JR 



(5.13) 



(2) Integration in time. There exist constants K,j>0 such that 



+K 



ee 
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Proof. First of all, ( 15.131 ) is a simple computation. Let us consider ( 15.141 ). Replacing ( 15.61 ) in ( 15.131 ) we get 

(5.14) 



p'l / ut{z^^ ~cz + a^ [{u + z)'" - u"] } 



+ {l + p[) / S[u]{z,,-cz + a,[{u + zr~u"']} 

JR 

+ -ec'{et) [ z^- [ a,ut[iu + z)"" -it"' ^mu"'-^z]. 



(5.15) 
(5.16) 
(5.17) 



Now we consider separate cases. First let us suppose to = 2. After some simplifications, we get 
(|5:T41i ^ (c-A)(l + p'i) / a,[2uz + z^]z^ 



= — (c— A)(l+pi) [as.Uxz'^ + ea'{ex)uz^ + -ea'{ex)z^]. 

Jr 3 

From this 

§M + {c-m + Pi) I ae".^' <ifee-^^l*l||zW||i.(R)+Xe||z(i)||?,,(R). 
On the other hand, 

(I5.15P = -p'l / (wf + (c - A)?ia;){za;a; - cz + ae[2?iz + z^]} + (c - A)pi 



+(c — A)p']^ / z[uxx — cu + fleii Ja; — (c — X)p[e / a'(ex)u z 



In particular, using estimates ( |4.30t . ( 14.331 ) and ( 14.311 ) we obtain 



(!5.15P - (c - \)p[ / ae-u^z' 



<Xe|p'i|e-'^l*l|lz(t)|U.(K) 



We also have 



thus using (15.7b 



(|5.16l) = (1 + /o'l) / z[S'[{t]3;:r - cS[u\ + 2a^uS[u\ + a^zSli 
Jr 



Finally, 



(|5J7)) = -ec'{et) z^ - a,{ut + (c - X)ux)z'^ + (c - A) / aeU:rz2. 



We get then from (14.311) 

(|SI3>-(c-A) / aeu.z^ <i^£e-^^l*l|lz(t)|li.(K). 
Collecting the above estimates and (15.7b . and after an integration, we finally get 

\T{t)-T{-T,)\<K{K*fe^''-^+KK*e^'' + K f ee-''^l''l||z(s)||2,. ds. 
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The cases m = 3, 4 are similar, but more involved. From ( |5.14b -( |5?T7] i. and after some integration by 
parts, the result is the following: 

T'{t) = {c-X){l + p'^)x 



2 

TO 



u"° ~ mu'" z —[m~l)u z jZx 



6 



a,{u"'-')xz'--im-l) I a,{ir'')xz' 



(5.18) 



(5.19) 



-pi / {ut + (c - X)ux){zxx -CZ + ae[(u + z)" - u"]} 

+ {c—\)p'i I z{uxx — CU + aevJ^)x — £ I a'{ex)u"^z 
'-Jr Jr ■ 

+ (c-A)(l + p'i) [ uxa,{{u + zr- 



~m ~m— 1 

u — mu Z 



1 



+ ^(c-A)p'i / a,{u"'-')xz' + ^{m-l) I a.iU^'-^z^ 



(5.20) 
(5.21) 



+ + / z{S[u]xx-cS[u]+ma,u'"-'^S[u]} 
Jr 

+ (l + p'i) / ae{(u + z)" -u" -mu™-iz}S'[u 



+ ^c' I - j as{ut + {c - \)ux)[{u + z) 



+ _Z(c_A) / a,(u"-^),z^ + -(TO-l) / ae(u™-2),z3 



(5.22) 



Note that ( 15.19b . ( 15.211 ) and ( I5.22l i disappear With ( 15.181 ) and ( 15.20b . we need a little more care. Indeed, 
for TO = 3, 



| (|5l8l) + (l5:20l)| = 



ie(c-A)(l + p;) / a'{ex)z^ 



<e|k(i)lli^(K); 



In the case to = 4, 



(I5l8]) + (15:2011 = (c-A)(l+p'i) / ae[2^(4uz^ + z"*) + u:.z'' 

JR 

= -e(c- A)(l + /9'i) / a'(£x)(u24 + z^). 



Consequently we have 

IJSII + (Einil < i^£e-^^l*l|lz(i)||i.(„) 
Finally, using (|430] |. (|433] |. dOTT l we obtain 

J-'(t) < i^e||z(t)r^^r(K) +i^ee-^^l*l|kWlli2(R) +i^e|kWlll^i(R) 

+if|p'i(0|ee-^^l*l||z(t)||Hi(R)+i^||5[u](t)||H2(R)||zW||L^(R). 
Integrating and using (15.7b . we obtain 



+K / ee 



~7£|s| I 



zis)\\Hi(R)ds. 



This finishes the proof. 



□ 
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We are finally in position to show that T* < leads to a contradiction. 

5.4. End of proof of Proposition 15.11 From Lemma |5^ F{-T^) < Kc^'^, and from Lemmas 153115.41 
and ( 15.141 1 we get 



\m\h 



< K 



zQciy) 



KK*e^^ + K 



= -7e|t|| 



< K 



J-T, 

_2k 



*^2k 



ee-^^l^l||z(s)||i.(„.rfs 



-K 



ee 



Using Gronwall's inequality (see e.g. ||53]| ) we conclude that for some large constant K > 0, but 
independent of K* and e. 



\\zmW)<Ke'^ + KiK*)^s''^-' 



From this estimate and taking e small, and K* large enough, we obtain that for all t e [— Te, T*], 
This estimate contradicts the definition of T*, and concludes the proof of Proposition 15 .11 



□ 



5.5. Proof of Theorem 14.11 Now we prove the main result of this section, which describes the core of 
interaction soliton-potential. 

Proof of Theorem \4.1\ Consider u{t) the solution constructed in Theorem 13. II We first compare u{t) with 
the approximate solution u{t) constructed in Proposition |4j6] at time t ~ —T^. 

Behavior att = — T^. From ( 13.31 ). Proposition l4.8l and more specifically ( 14.34b we have that 

||u(-r,)-{i(-T,)||Hi(R) <i^£^°. 

Behavior att — T^. Thanks to the above estimate and ( |4.29l l we can invoke Proposition l5. ll with k := ^ to 
obtain the existence of Kq, £o > such that for all < £ < eo 

\\u{T, + p,{T,)) - {i(r,)||Hi(R) < Koe'^\ \piiT,)\ < KoS-^-^ < 
Therefore from ( 14.35b and triangular inequality, 

\\u{T, + p,{T,)) - 2-i/("-i)Q,^(. - piTMmm < Koe'^'- 
(cf. also (iS.) Finally note that (1 - X)T^ < p{T,) < (2coo(A) - A - 1)T^. This finishes the proof. □ 

Next step will be the study of long time properties, on the interval [T^ , +oo). 
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6. Asymptotic for large times 

6.1. Statement of the results. The purpose of this Section is to prove the asymptotic behavior of the 
solution u{t) as described in Theorem ll.2l Recall the parameters Ao and Coo(A) from Theorems 11.11 and 



Theorem 6.1 (StabiHty and Asymptotic stabiHty in H^). 

Suppose TO = 2,4 with < A < Aq; or to = 3 with < X < Xq. Let < /3 < ^(coo(A) — A). 
There exists eo > such that ifO < e < Eq the following hold. Suppose that for some time ti > ^T^ and 
ti<XQ< 2ti 

\\uih) - 2-i/(™-i)Q,^(x - Xo)||^,(j,) < e'/^. (6.1) 

where u{t) is a H^-solution of U.lSh Then u{t) is defined for every t > ti and there exists K,c^ > and 
a C^-function P2{t) defined in [<i, +oo) such that 

(1) StabiHty. 

sup \\u{t) - 2-i/("-i)g,^(. - P2(i))LwR) < Ke'^^ (6-2) 

where 

\p2{ti) - Xo\ < Ke'^/^, andfor allt>ti, |p2 W - Coo(A) + A| < iCe^/^. 

(2) Asymptotic stability. One has 

^ Hrn^ \\u{t) ~ 2-V(™-i)Q^,(. _ p2W)Lr(,>,,) = 0. (6.3) 

In addition, 

lim p'^{t) = c+ - A, |c+ - Cool < Ke^'^. (6.4) 

i— f +00 

Remark 6.1. We do not know if stability results are valid in the cases m = 2, 4 and A = 0. In particular, 
note that the stability property as stated above is false if we have 

limsup ||u(t)||i2(R) = +CXD. 

Remark 6.2. Let us recall that for any < A < Ao the asymptotic stability property ( 16.31 1 holds for any 
/3 > — A, provided eo small enough, however we will not pursue on this improvementO 

We shall split the proof in two different parts, according with the proof of stability (cf. ( I6.2l i) and 
asymptotic stability (cf. (16.3b ). 

The proof of the stabiUty result is standard and similar to Proposition 15.11 see also ||4l[39l. For this 
reason, our proof will be in some sense very sketchy. We invite to the reader to consult the references 
above mentioned for the original proof. Concerning the asymptotic stability result, the proof will follow 
closely the papers ll33l 1341 . 

Let us recall that for large times {t > T^) the soliton-like solution is expected to be far away from the 
region where varies. In particular, from (11.13b . the stability and asymptotic stability properties will 
follow from the fact that in this region ( 11.13b behaves like the gKdV equation 

ut + {u^x - Xu + 2u™% = 0, in {t > TJ x R^. 

Of course, this formal argument must be stated in a rigorous way. 

6.2. StabiUty. 

Proof of Theorem \6.1\ stability part. Let us prove (16. 2b . Let us assume that for some K > Q fixed, 

\\u{t,) - 2-i/(™-i)g,^(. _ Xo)llffi(R) < Ke^'\ (6.5) 

From the local and global Cauchy theory exposed in Proposition 12 . 1 1 and Theorems 13 . 1 1 and 14. 1 1 we know 
that the solution u is well defined for all t > ti. 

In order to simplify the calculations, note that from (11.18b the function solves 

vt + {vxx - Xv + yw™)x =0 on Mi X R^, 



'in 1461 we made use of this property. 
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and ( 16. 5t now becomes 

\H-ti) - Qc^i- - ^o)lki(R) < ke'^^ (6.6) 

With a sUght abuse of notation we will rename v := u and K := K, and we will assume the validity of 
I for u. The parameters Xq and c^o remains unchanged. 
Let _Do > be a large number to be chosen later, and set 



T* := sup|i > ti I Vt' e 3 p2(i') e I^smooths.t. |p2(i') - Coo + A| < 

\p2{h)-Xo\<^, and ||«(i')-Qc^(--p2(i'))llHHK) <^o£'^'}. (6.7) 



Observe that T* > ti is well-defined since Dq > 2K, (16.51 ) and the continuity ofti-^ u{t) in H^{R). The 
objective is to prove T* = +oo, and thus ( 16.21 ). Therefore, for the sake of contradiction, in what follows 
we shall suppose T* < +oo. 

The first step to reach a contradiction is now to decompose the solution on [ti, T*] using modulation 
theory around the soliton. In particular, we will find a special p2 (t) satisfying the hypotheses in ( 16.7b but 
with 

sup ||M(<)-0e^(--p2(<))||Hi(K) < ^i^oe'/', (6.8) 
te[ti,T*] ^ 

a contradiction with the definition of T*. 

Lemma 6.2 (Modulated decomposition). 

For e > small enough, independent of T* , there exist functions P2,C2, defined on [ti,T*], with 
C2{t) > and such that the function z(t) given by 

z{t, x) := u[t, x) - R[t, x), (6.9) 

where R{t, x) Q^^(^i-^{x ~ p2{t)), satisfies for all t ^ [ti,r*], 

R{t,x)z{t,x)dx — / {x ~ p2{t))R{t,x)z{t,x)dx = 0, (Orthogonality), (6.10) 

\\z{t)\\HiiR) + \c2{t)-Coo\<KDoe^/^ and (6.11) 
Mh)\\m{R) + \P2{ti) - Xo\ + \c2{ti) - Cool < Ke^/\ (6.12) 
where K is not depending on Dq. In addition, z{t) now satisfies the following modified gKdV equation 

z, + {z^, _ Az + + - i?™] + - 1)QS}. 

+ c^(t)AQ,, + (c2 - A - p'2){t)Q'^^ - 0. (6.13) 
Furthermore, for some constant^ > independent of e, we have the improved estimates: 

|p^(t) + A-C2(t)| < i^(TO-3)[ / e-''l^-''^(*)lz2(i,x)dxl ' 



and 

^2^1 <K [ e-'<\--P-^'^\z\t,x)dx + Ke-'''\\z{t)\\H^^R)+Kee-''". (6.15) 

Remark 6.3. Note that from ( 16.1 It and taking e small enough we have an improved the bound on p2{t)- 
Indeed, for alH e [ti,T*], 

\p'2{t) " Coo + A| + \p2{ti) - Xo\ < 2Doe^/\ 
Thus, in order to reach a contradiction, we only need to show i 



+K e-^\''~P^'''^\z^{t,x)dx + Ke-^'''; (6.14) 
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Proof of Lemma |6!2] As in Lemma |AT41 and |J!2l the proof of ( |6.9I )-( |6T2] | are based in a Implicit Function 
Theorem appHcation, and is very similar to the proof of Lemma A. 1 in appendix A of |34|. 

On the other hand, equation ( 16.131 ) is a simple computation, completely similar to ( lA.llb and ( I5.6l l. 

Now we claim that from the definition of T* we can obtain an extra estimate on the parameter p2{t). 
We claim that for any t > ti, 

P2{t) > 4T(coo(A)-A)ti. 



10 



(6.16) 



Indeed, from ( I6.7l l and after integration between ti and t e [ii , T*] we have the bound 



\p2{t) - P2{tl) - (Coo - A)(< -h)\< -^{t ~ h), \p2ih) - Xo\ < 



Thus we have 



\p2{t) - (Coo - A)t| < —{t - tl + 1) + |(Coo - X)tl - Xo\ 



In particular, for any t G [ti,T*] (recall that ^2(^1) ^ Xq > 0) 

This inequality implies that the soliton position is far away from the potential interaction region. 

Now we prove the estimates in (16.14b and ( 16.15b . For this, first denote y := x — P2{t)- Taking time 
derivative in the first orthogonaUty condition in ( 16.10b and using the equation (16.13b we obtain 



= 



■',it) / AQ,,(g,,-z) + (c2-A-p^)(t) / Q',,z-- / g^[(ae-2)z]. 



1 



2(m- 

First of all, note that by scaUng arguments 
Secondly, by redefining 7 if necessary. 



2 

-R 



mR"" 



Oc. 



20-1 



it) / Q 



(6.17) 



a'{ex)QZ''\y) 



Similarly, from ( 16.16b and following ( IA.13b we have 



)™[K-2)z]. <if||z(t)||ffi(K)e-^^*. 

Finally, note that for 7 > independent of e, 

[ Q'^^a,[{R + z)"" - R"" -mR'^-^z] <K [ 
Jr Jr. 

Collecting the above estimates, we have 



C2{t) 



< K / e'^^y^z^ +K\c2{t)- X- p'2{t)\ 



+Ke-'''\\z{t)\\H^(R)+Kee-''\ 
On the other hand, by using the second orthogonality condition in (16. 10b . we have 

= (c2-A-p;,)(t) / ziyR)^ + 4it) I ykQ,,z+]^{c2-\- p'2){t) 



(6.18) 



Ql 



+ 



{yR).[\a,[{R + zy 



ae{x) 



L)QS} 



+ / {yR).{z^. - C2Z + mR^-^z) + ^ / {yR)^{a, - 2)i?'= 

jR ^ JR 
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Note that by integration by parts, 

{vR)x{zxx - C2Z + mH"'-^z) = [ z{2R + (m - 3)i?™) = (m - 3) / zR''' 
Using the same arguments as in the precedent computations, we have 

|(C2- A-p'2)(i)| < K{m-3){1 + 



14 Wl. 



C2{t) 



:(2/)(«.-2) 



From ( 16.161 ) and following ( IA.13I ) we have 



Putting together ( I6.I8I 1 and the last estimates, we finally obtain the bounds in ( 16.111 ). and further we obtain 
( 16.14b and ( 16.15b . as desired. □ 

6.2.1. Almost conserved quantities and monotonicity. We continue with a complete analogous proof to 
Proposition lA. 1 I from Section[3] Recall from ( 12. 8b the definition of the modified mass M. 

Lemma 6.3 (Almost conservation of modified mass and energy). 

Consider M — AI[R] and Ea = Ea[R\ the modified mass and energy of the soliton R(cf. ( 16. 9t ). Then 
for all t e [ti, T*] we have 

1 



M[R]{t) = -cf{t) / g2 + 0(e--'r*); 



1 



Ea[Rm = TTcf (i)(A - AoC2(i)) / + 0(e-^^*) 



(6.19) 
(6.20) 



Furthermore, we have the bound 

Ea[R]{ti) ~ Ea[R]{t) + {c2{h) - X){M[R]ih) - M[R]it)) 



< K 



C2(il) 



- 1 



Ke 



-£7*1 



(6.21) 



Proof. We start by showing the first identity, namely ( 16. 19b . We consider the case m = 2,4, the case 
m — ?> being easier. First of all, note that from ( 12. 8b , 



M[R]{t) = M[R]{t) 



1 



f O-e \ 1/m ^2 _ 1 



1 



l]i?2 



From ( I6.16l) -( l6.17b and following the calculations in ( IA.13b . 



for some constants K,^ > 0. Now we consider (16.20b . Here we have 



Ea[R]it) 



R^ 



A 



R' 



1 



Cf (t) C2it){ 



2(m+ 1) 
1 



a^R 



m-\-l 



m + 1 



Q 



1 



m + 1 



(1 - 



e \ 7jrn+l 



Similarly to a recent computation, we have 

(2-a,(a;))i?"+i 



for some constants i^, 7 > 0. On the other hand, from Appendix|F|we have that ^ Js.Q''^~7irhi IrQ"^^^ 



-¥/eQ'' Ao = ^,andthus 
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Adding both identities we have 

Ea[R]{t) + (C2(ii) - X)M[R]it) = cf{t){c2{h) - XoC2{t))M[Q] + 0{e-'^'). 
In particular, 

Ea[R]{h) - Ea[R]it) + (c2(ii) - X)iM[R]{h) - M[R]{t)) = 
^ XoM[Q] \cf+\t) cr+\t,) ^[cfW - cfih)]] + 0(e-^*^). 



To obtain the last estimate (I6.21l i we perform a Taylor development up to the second order (around y = yo) 
of the function g{y) := and where y :— C2^{t) and yo :— C2^{ti). Note that ^fj-'- = and 

2/0^^^ — C2{ti)- The conclusion follows at once. □ 

In order to establish some stability properties for the function u{t) we recall the mass M[u] introduced 
in (I2.8I 1. We have that for m = 3 and < A < Aq; and for m = 2, 4 and < A < Ao, 

M[u]{t) - M[u]{ti) < 0. (6.22) 

for any t E [ti, T*]. This result is a consequence of Remark lZTI 

Now our objective is to estimate the quadratic term involved in ( 16.211 ). Following |^|, we should use a 
"mass conservation" identity. However, since the mass is not conserved, estimate ( |6.22t is not enough to 
obtain a satisfactory estimate. In order to avoid this problem, we shall introduce a virial-type identity. 

6.2.2. Virial estimate. First, we define some auxiliary functions. Let (j> E C(M) be an even function 
satisfying the following properties 



^' < on [0,+oo); 0(a;) = 1 on [0, 1], 

(j){x) ~ e^^ on [2, +00) and e^^ < (j){x) < 3e~^ on [0, +00). 



(6.23) 



Now, set '■— Jq 0- It is clear that ifi an odd function. Moreover, for \x\ > 2, 

V'(+oo)-V(|a;|) =e-l^l. (6.24) 

Finally, for ^ > 0, denote 

V-aW A(i^(+oo) + ?/.(4)) > 0; e-l"l/^ < < 3e-l"l/^. (6.25) 
Note that lim2;_j._oo ipix) = 0. We are now in condition of state the following 

Lemma 6.4 (Virial-type estimate). 

There exist K, Aq,5q > such that for all t E [ti, T*] and for some 7 = 7(coo , ^0) > 0, 

dt I Z^{t,x)'lpAo{x ~ P2{t)) < 

< -So I {zl + z^){t,x)e-^o\^-''^^')\ + KAo\\z{t)\\H^i^R)e-'''. (6.26) 

Proof. See AppendixlP] □ 

From Lemma l674l we can improve the estimate ( 16.211 ) to obtain 
Corollary 6.5 (Quadratic control on the variation of C2(t)). 

Ea[R]{ti) - Ea[Rm + (c2(ti) - X){M[R]{h) - M[R]{t)) 

Proof. From (16.15b and taking Aq large enough (but fixed and independent of e) in Lemma l64l we have 
after an integration of ( 16.261 ) that 

\c2{t) - C2{ti)\ < KAo\\z{t)\\l,^j,^+KAo\\z{ti)\\l,^g^+KAoDoe-'^^e~'^''K 

Plugin this estimate in ( 16.211 ) and taking 7 even smaller, we get the conclusion. □ 
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6.2.3. Energy estimates. Let us now introduce the second order functional 

Mt) ^ /{^^ + [A+(c2(ti)"A)(^)i/"]z2| 



1 



ae[{R + - - (m + l)R"'z]. 



2(m+ 1) 

This functional, related to the Weinstein functional, have the following properties. 

Lemma 6.6 (Energy expansion). 

Consider Ea [u] and M [u] the energy and mass defined in U.21\l - I[2^ . Then we have for allt £ i , T* 

EMit) + {C2{ti) ~ \)M[u]{t) = Ea[R] + ic2ih)~X)M[R]+T2it) 

+ 0(e-^^1z(t)||HMR))- 
Proof. Using the orthogonality condition (|6.10t . we have 

Ea[u]{t) = Ea[R]- f z(a,-2)i?™ + i f + ^ f 

^— - / a,[{R + z)"'+'^ ^ R"'+^ - {m + l)R"'z]. 
+ 1 Jr 



TO + 1 

Moreover, following ( |A.13t . we easily get 



/ z(Oe-2)i?" 

Jr 



<Ke-''''\\zit)\\HU 



Similarly, 

M[u]{t) = M[R] + M[z] + f ((^)i/'" - l)Rz = M[R] + M[z] + 0(e--^*|lz(t)|Ui(R)). 

JR ^ 

Collecting the above estimates, we have 

Ea[u]{t) + {C2{h) ^ \)M[u]{t) = 

Ea[R] + ic2ih) X)M[R] + 1 [ + Kc2{h) ~ A)(^)i/™ + X]z^} 

This concludes the proof. □ 

Lemma 6.7 (Modified coercivity for Ti)- 

There exists Eq > such that for all < e < Sq the following hold. There exist K, Aq > 0, independent 
of K* such that for every t G [ti, T*] 

> ~Xo\\zmmiR) - ifee-'-*||z(i)||i.(K) + 0{\\z{t)\\l,^^^). (6.28) 

Proof. First of all, note that 



Mt) = I f {4 + [ic2{h)-X)i^Y^"^ + X]z'} 



Now take i?o > independent of e, to be fixed later Consider the function (/i/Jq (t, a;) :— (t){{x~p2{t)) / Rq), 
where is defined in (I6.23l i. We split the analysis according to the decomposition 1 — (pu^ + (1 — (f>Rg). 
Inside the region \x — p2(t)\ < Rq, we have 

This last estimate is a consequence of (11.13b . Outside this region, we have (pp^ > e^^°. We have then 

M{c2{tl) - A)(^)l/'" + X]z' > [C2{h) - Xe^^«0e-7ep.(t)] f ^^^^2. 

^ Jr 
for some fixed constants K,j>0. 
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On the other hand, | (1 - (j)Ra)Qc2 1 < Ke~'^^°, and thus 

(1 - <I^BMc2{h) - + \]z^ - y ^(1 - <I^Ro)QT'^^ 

> [ic2{h) - A)(i)i/" + A - Ke-^^«] / (1 - cPrJz', (6.29) 
^ Js. 

for some fixed K,j>0. Taking Rq — Ro(m, A) large enough, we have 
Therefore, 

_;^e7eKog-7.P.W /■ ^^^^2 ^ 0(||^(t)||3^ ) + 0(6^^^^* || z(i) || (r, ) . 

Taking Rq even large if necessary (but independent of e), and using a localization argument as in |41|, we 
obtain that there exists Aq > such that 

JR 

+0(e-^^*||zW||2,,(j,)). 
Finally, taking £o smaller if necessary, we have 

^2W>Ao / (2^ + ^') + 0(||z(i)||?,,(R.) + 0(e-^^*||z(t)||^WR.), 



for a new constant Aq > 0. □ 

6.2.4. Conclusion of the proof. Now we prove that our assumption T* < +oo leads inevitably to a con- 
tradiction. Indeed, from Lemmas I6.6l and l677l we have for all t E [ti,T*] and for some constant K > 0, 

Mt)\\m{R) < KT2ih) + Ea[u]{t) - Ea[u]{h) + (C2(tl) - X)[M[u]{t) - M[u]{h)] 

+Ea[R]{h) - Ea[R]{t) + (c2(ti) - X)[M[R]{h) - M[R]{t)] 

+Ke sup e"''^*||z(t)||i2(R) sup \\z{t)\\l2,j^y 
te[ti,T'] te[ti,T-] 

From Lemmas l6.2l and l631 Corollarv l6.5l and the energy conservation we have 

Mt)\\H^iR) < Ke + {C2{h) - X)[M[u]{t) - M[u]{h)] 

+K sup \\z{t)\\%^(J^.+Ke''''''{l + DQe^/^) + KDle^/\ 
te[ti,T-] 

Finally, from (I6.22l i we have M[u]{t) — M[u]{ti) < 0. Collecting the preceding estimates we have for 
e > small and Dq = Do{K) large enough 

II^WIIlfi(R) < \Dle, 
which contradicts the definition of T* . The conclusion is that 

sup \\uit) - 2-i/(™-i)Q,,(,)(. - P2W)L,(„) < Ke'/\ 

Using (16.1 lb , we finally get ( 16 .21 1 . This finishes the proof. □ 
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6.3. Asymptotic stability. Now we prove (|6.3l i in Theorem |6.1 



Proof of Theorem \6. 1 1 Asymptotic stability part. We continue with the notation introduced in the proof of 
the stabiHty property (16.2b . We have to show the existence of if, c+ > such that 

lim h(t)-Qc+(--P2W)llffU->ik'=oet) \coo~c+\<Ke^'\ 

t— f+OO ^ 10 y 

From the stabihty result above stated it is easy to check that the decomposition proved in Lemma |631 and 
all its conclusions hold for any time t > ti. 

6.3.1 . Monotonicity for mass and energy. The next step in the proof is to prove some monotonicity formu- 
lae for local mass and energy. 
Let Ko>0 and 

(j)[x) := - arctan(e"^/^''). (6.30) 

TT 

It is clear that Yrnij-^j^^ ip{x) — 1 and lim^^_oo (Pi^) — 0- In addition, 0(— a;) = 1 — for all x G R, 
and 

° < - ikTTl^-- ^ 

Moreover, we have 1 — < Ke^'^/^° as a; — > +oo, and 4>{x) < Ke^^-^" as a; — > ~oo. 
Let a, xq > 0. We define, for t, to > ti, and y{xo) a; — (^2(^0) + cr{t — to) + xq). 



4o,to(*) I u {t,x)<j){y{xo))dx, Ixo,to{t) ■■= I u {t,x)<j){y{-xo))dx, (6.31) 

and 

J.o,to ■■= f + - -^U^+^]{t,x)mX0))dx. 

Jr m+l 
Lemma 6.8 (Monotonicity formulae). 

Suppose < (7 < ^ (coo (A) — A) and Kq > \J^- There exists K,eQ > Q small enough such that for all 
< £ < Eq and for all t, to > ti with to > t we have 

L„,t„{to) - I.„.t„{t) < i^[e-^"/^« +£-ie-^^^^e-^^^°/^«]. (6.32) 
On the other hand, ift> to and P2{ta) > ii + xo, 

4o.toW -4o.to(^o) < if [e"-"/^'^'" +£-ie--'^''^(*«)e^^-"/^°], (6.33) 

and finally if to > t, 

J.o,toito) - J.o,toit) < i^[e-""/^" +e-ie-^^^'e-^^^°/^°]. (6.34) 

Proof. For the sake of brevity we prove this Lemma in Appendix|E] □ 

6.3.2. Conclusion of the proof. Now we finally sketch the proof of the asymptotic stability theorem, 
namely ( I6.3l l. Consider < e < eo and u{t) satisfying ( 16. 11 1. From Lemma l672l we can decompose 
u{t) for all t > tl such that u{t,x) = 2~^/('"~^)(5c2(t)(a; - P2{t)) + z{t,x), where z satisfies ( |6.10t , 
(ISTTTT l. (|67T2] |, (|6l?l i and ( |6T5] l. We claim that there exists K = K{Do) > such that 



+00 



{zl + z){t, x)e-^l"-''^(*)l < K{Do)e. (6.35) 



This last estimate is a simple consequence of Lemma l64l and an integration in time. 
Now we claim that 

c+ lim C2{t)<+oo, and |c+ - Coo| < i^'e^^^. (6.36) 

>-+oo 

In fact, note that from (16.35b there exists a sequence i„ t +00, t„ G [n, ri + 1) such that 

lim /(z2+z)(t„,x)e"^l""''^^*"^l =0. (6.37) 
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From this and (|6.14t -( |6T5] l. and taking > large such that ^ < 7, we get 

|C2(<)| <K f z2(i^a;)e-:4l^-''^WI +Ke-^''. 



This inequality combined with ( |6.35t and ( |6.12| l allow us to conclude ( 16.361 ). Note that this proves the first 
part of jOl i. 

The next step is to prove that 

limsup / {zl + Z^){t,X + P2{t))(f>{x ~ Xo) <i^e-"«/2^fo^^^-lg-e7T,g-e7xo//fo^ 

First of all, note that the above assertion follows directly from the decay properties of R and the estimate 
limsup / {ul + u^){t,x + P2{t))<j}{x - xo) < Ke-'"'^^''^" + Ke-^e'-^^'^-e-^^''''''^" . (6.38) 

t->-+00 JR 

So we are now reduced to prove this last estimate. We start from (I6.34l l: we have for Iq > ti, 
From the equivalence between the energy and iJ^-norm (we are in a subcritical case), we have 



{u^ +u )(to,x + p2{tQ))(j){x - xq) < K {u^ + u-'){ti,x + p2iti))4>{x-yo) 

Jr 

where yo := ^2(^0) ~ ^2(^1) + ^ ^o) + xq. Now we send to — > +00 noticing that yo — > +00. This 
gives ( 16.381 ), as desired. 

The next step in the proof is to prove that 

lim {zl + z^){tn,x)(f>{x~ p2{tn)+xo)dx = 0. (6.39) 

where (t„)„gN is the sequence from ( 16.391 ). Indeed, note that for any xi > 0, 

{zl + z^){t„,x + p2{tn))(j)ix + xo) < K{e^ +e^) {zl + z^){tn,x + p2it„))e~^ 

JR 

+K / {zl + Z^){tn,X + p2itn))<l){x - Xi). 
JR. 

Thus, using ( |6.39t we are able to take in the above inequality the limit n — > +00 with xq, xi fixed. Next, 
we send xi — > +00 to obtain the conclusion. 

We finally prove that the above result holds for any sequence t„ — > +00. Let /3 < Coo(A) — A to be 
fixed. We want to prove that for e small enough, 

lim / {zl + z^){t, x)4>{x - I3t)dx = 0. 

First, we claim that for any ^2,^3 > ti with t2 < ty, and ^2(^2) > 2^0 + we have 

u^{U,x)(t){x~yz)dx < [ u^{t2,x)(j){x - y2)dx + Ke-''"^'^'' + Ke-^e-'^'P'^'^'^e^'''''/^" , (6.40) 



where ys := P2(i2) + ^/3(i3 — ^2) ~ xq and 2/2 := ^2(^2) — xq. In fact, the left hand side of the above 
inequality corresponds to 1x0.12(^3) and the right one is Ixo^i'^'^)' with <t :— i/3 (cf. ( 16.311 ) for the 
definitions). Thus the above inequality is a consequence of Lemma l6?8l more specifically of (16.331 ). 
Now the rest of the proof is similar to [33 1. Since /j^ z{t, x + p2{t))R{x) — 0, we have 

z{t, X + p2{t))R{x)(t){x + a;o) < Ke^/^e-'"''^^'' 

Second, we use the decomposition u{t^ x) = 2^^/'™~^)Qc2(t)(^ ^ P^it)) + z{t, x) in (16.401 ) to get 

z'^{h,x)(j){x-yz)dx < [ z^{t2,x)(f>{x - y2)dx + Ke-'=°/^'^" (6.41) 

L JR 

+i^£"le-^^''^(*^)eT""°/^« + K\c2{t2) - C2(t3)|. 
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Third, consider t > ti large, and define t' G such that f3t :— P2{t') + §(i — t') — xq. Note that 

t' — > +00 ast^ +00. Since t„ e [n, n + 1) there exists n — n{t) such that < t — <„ < 2, and then 

Pt := /92(in) + ^(i - tn) - Xq, with [xq - Xq\ < 10. 

Now we apply ( 16.411 ) between t-s = t and t2 ~ tn ■ We get 

z^{t,x)(f>{x- I3t)dx < z^{tn,x)(l){x- p2itn)+xo)dx + Ke-''°/^^° 

+ife-ie-^^''^(*")e^^"°/^" + K\c2{t) - C2(t„)|. 
Since n{t) — ?> +C!0 as t — ^ +00, by (16.391 1 and ( 16.36b we obtain 

limsup / z^{t,x)(p{x - (3t)dx < Ke^^°/^^°, 

and since xq is arbitrary (because of lim(^+oo P2{tn) = +00), we get the desired result. The same result 
is still valid for ■ We have 

limsup / zl{t,x)(t){x - (3t)dx < Ke-'"''^'^\ 

Finally, let w+{t, x) := u{t, x) - 2-i/(™-i)q^+ - p2[t)) = z{t, x) + 2-i/(™-i) [Q^^^^){x - p2{t)) - 
Qc+ {x — p2 (t))] ■ From (I6.36l l and the above result we finally obtain ( 16.3b . □ 



7. Proof of the Main Theorems 

In this section we prove the Main Theorems of this work, namely Theorems ll.llll.2l and ll.3l 

The proof of Theorem 11.11 essentially combines Theorems 13.11 and 14.11 in order to obtain the global 
solution u{t) with the required properties. This method had also been employed in ll35l [38l l44l . The proof 
of Theorem 11.21 is a consequence of Theorem 16.11 Finally, Theorem 11.31 will require several additional 
arguments, in particular the fundamental Lemma lTSl 

7.1. Proof of Theorem lTTTl From Theorem l3 . 1 I there exists a solution u of d 1 . 1 5b satisfving u £ C(M,iJ^(R)) 
and ( 13.1b . This solution also satisfies, from (13.3b . 

\\u{-T,) - Q{- + (1 - A)T,)|Ui(K) < ifeio, 

for £ small enough. In addition, u is unique in the cases A > and m — 2,4; and m = 3, A > 0. This 
proves the part (1) in Theorem ll.ll 

Next, we invoke Theorem l4.1l to obtain part (2) in Theorem ll.ll In particular, we have (14.2b and (14.3b . 
We define := + pi{T,), and p^ p{T,). Then ( fL27T i - ( fOsT i are straightforward. 

7.2. Proof of Theorem [L2l The proof of Theorem ll .2l is a consequence of Theorem l6. 1 1 Indeed, suppose 
TO = 2, 3, 4 with A > for TO = 2, 4. Define h := + pi{T^) and Xq := p{T^). Then, from the above 
estimates and Theorem l6.1l we have stability and asymptotic stability at infinity. In other words, there exists 
a constant c+ > and a function p2 [t) £ R such that 

w+{t) :-^i(i)-2-i/(™-i)g^+(.-p2(f)) 

satisfies dO and dO- This proves iL29[ and (fT30] l. 

We finally prove ( 11.32b and ( 11.33b . From the energy conservation, we have for alH > ti, 

Ea[u]{-oo) = £;42-i/('"-i)Q,+ (. - p2{t)) + w+{t)] 

In particular, from (16.3b and Appendix lF.il we have as t +00 

(A - Ao)Af[g] = I J (A - Xoc+)M[Q] + E+ . (7.1) 



38 



Soliton dynamics for perturbed gKdV equations 



From this identity := MiJit^^rx, Ea[w^]{t) is well defined. This proves (11. 32b . To deal with (|1.33l l. 
note that from the stability result ( I6.2l i and the Morrey embedding we have that for any A > 



^ JR ^ JR JR 

for some ji = /i(A) > 0. Passing to the limit we obtain (ll.33l l. 

Now we prove the bound ( 11.34b . First, the treat the cubic case with A = 0. Here, from ( 17.1b we have 

Since in this case we have 22/('"-i) = 2 = cH^ , M[Q] = 2andAo = 1/3, we obtain §£;+ = {^f^ -I. 

Now we deal with the case A > 0. First of all, note that after an algebraic manipulation the equation for 
Coo in (14. 17b can be written in the following form: 

22/(^-1) (^ocoo - A)M[Q] = (Ao - A)M[Q]. 
On the other hand, note that from ( 17. lb and ( |1.33b we have 

Mlimsup \\w+{t)\\]j,f^^ < l > (AoC+ - \)M[Q] - (Aq - A)M[Q]. 

Putting together both estimates, we get 

t-H-oo Aq 



for some /i > 0. Using a similar argument as in Lemma I63l we have 

Alimsup ww^mmm < f (coo - mc+r c^) + o{\{c+r - c^i')- 

t^+oo Aq 

From this inequality and the bound | c+ — Cqo | < Ke we get 

(—f ~ 1 > /ilimsup 

as desired. 

7.3. Proof of Theorem 11.31 In this section we prove that there is no pure soliton at infinity. To obtain 
this result we will use a contradiction argument, together with a monotonicity formula which provides 
polynomial decay of the solution and L^-integrability, something contradictory with the change of scaling 
of the soliton. 

Proof of Theorem \l.3\ By contradiction, we suppose that ( 11.35b is false. In particular, 

lim ||w+(^)||hi(r) = 0. 

First of all, note that from the above limit and the sub-criticality we have £'+ — 0. Therefore, by using 
(17.1b . and after some basic algebraic manipulations we have that c+ must satisfy the following algebraic 
equation (compare with ( 14.17b ): 

{c+f°{c+ - A)i-Ao ^ 2^(1 - 

Ao Ao 

This relation and the uniqueness of Coo gives 

c+=Coo(A). (7.2) 
In other words, the soUton- solution is pure (cf. Definition ! 1.1b . 
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Let us consider now the decomposition result for u{t) from Lemma |6l2l We claim that z{t) also vanishes 
at infinity. Indeed, from Lemma the fact that for t > ti 

u{t) = R{t) + z{t) = w+{t) + 2-i/('"-i)Qc^(- - p2{t)), 

and estimates ( I6.11b -( I6.36I ). we have 



lim ||z(i)||Hi(R) =0, (7.3) 



and 



u{t, ■ + p2{t)) ^ 2-i/(™-i)Q,^ in ffi(R) as t ^ +cx), lim p'^{t) - (coo(A) - A) = 0. 

i— f+oo 

In order to prove the following results, we need a simple but important result. 

Lemma 7.1 (Monotonicity of mass backwards in time). 

Suppose u{t) solution of Al.lSi constructed in Theorem \3.1\ satisfying (|621l and ( I6.3I ). Define 

M[u]{t):^ I ^^^dx. (7.4) 

Then, under the additional hypothesis A > 0/or ni — 2, 3, 4, we have that for all t, t' > ti, with t' > t, 

M[u]{t) ~ M[u]{t') < Ke-''^\ (7.5) 
Proof. First of all, a simple computation tell us that the time derivative of M [u] (t) is given by 

Mae Jr l ^2 a2 J J^^e 

Replacing the decomposition u = R + z given by Lemma 16.21 assumption ( IL14l l. and using similar 
estimates to ( IA.13b . and the smallness of 1 1 z (t) 1 1 (rj , we get 

dtM[u]{t) > -Kee-^^\ 

for some if , 7 > 0. The final conclusion is direct after integration. □ 

Remark 7.1. Note that estimate (17.51 1 in Lemma lT^l is valid under the additional assumption < A < Aq. 
This extra hypothesis unfortunately does not hold for the case m = 3, A = 0. 



The last result allows to prove a new version of Theorem 13. II for positive times. 

Proposition 7.2 (Backward uniqueness). 

Suppose m = 2,3, 4. Let /3 € R and < A < Aq. There exist constants K, 7, £9 > and a unique 
solution V = vp e C'{[^T^, +oo),H^{R)) of M.lSj such that 

^ Um^ \\v{t) - 2-i/("-i)Q,„(- - (coo(A) - X)t - I3)\\j^,^^^ = 0. (7.6) 

Furthermore, for all t > ^T^ and s > 1 the function v{t) satisfies 

\\v{t) - 2-i/(™-i)Q^^(. _ (c^(A) - X)t - < Ke-^e-'-^K (7.7) 

Finally, suppose that there exists v{t) G H^{M.) solution of l[1.15i such that 

lim ||SW-2-^/("-^)gc^(--p2(i))|kMK)=0- (7.8) 
Then v = vp for some /3 € R. 

Proof. Given /3 e M, the proof of existence and uniqueness of the solution vp satisfying i7.6i and (17.71 1 
is identical the proof of Theorem |3.1| in Section|3]and Appendix lAl Indeed, first we construct a sequence 
of functions w„ as in ( lA.lb for times t ^ Tn. Next, we prove a decomposition lemma as in Lemma 
IA.4I This decomposition allows to prove a version of (17.5b for A4[vn]{t). The main difference is given in 
estimates (IA.14b -( lA.15b . where now we introduce the modified mass A4 (t) defined in (17.4b . The energy 
functional in |A.18| is now given by Ea [vn] (t) + (cqo (A) — X)Ai [u„] (t). The rest of the proof, including the 
uniqueness, adapts mutatis mutandis. 
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Now consider v a solution of dl.lSt satisfying ( 17. 8b . Using monotonicity arguments, similar to the proof 
of Lemma IA31 we have the existence of /3 e K such that 

p{t) - 2-i/(™-i)Q,^(. - (c^(A) - X)t - /3)||^,(K) < Ke-'e-'-^', 

for some K,j>0. This implies that there exists /3 e R such that v satisfies (17.61) . The conclusion follows 
from the uniqueness of □ 

As a consequence of this result together with ( 17.31 1. the solution u{t) constructed in Theorem l3. 1 [ satisfies 
the following exponential decay at infinity: there exist K,j>0 and /3 e M such that, for all t > ti, if 

hit) ■■= (coo(A) - A)t + ^,then 

~z{t) u{t) - 2-i/("-i)g,^(. - p2{t)), satisfies \\m\\HHm < Ke-^e-'-^K 



(7.9) 



Now we prove that this strong iJ^ -convergence gives rise to strange localization properties. 

Lemma 7.3 (L^-exponential decay on the left the soliton solution). 

There exist K,xq > large enough such that for all t >Tq and for all Xq > Xq 



L^{x<-xo] 



(7.10) 



Proof. Suppose Xq > 0, t, to > ti and a > from (I6.3l l. Consider the modified mass 



u'^{t, x) 
a^{x) 



{l-cl){y))dx, 



with y :— X— {p2 {to) + a{t — to)~xo) and defined in ( 16.301 ). For this quantity we claim that for xq > xq 
and for all t > to. 

Let us assume this result for a moment. After sending t — ^ +oo and using i6.3h we have limt_j._|_oo Ito,xo (t) = 
and thus 

Ito,x„{to)<Ke-^'>/K^ 

From this last estimate ( 17.101 ) is a direct consequence of the fact that to > ti is arbitrary. 
Finally, let us prove ( |7.11| i. A direct calculation tell us that 



- / — u., + -e 



-2 ' " 

e 
'2 



m 



TO + 1 
a' 



(j)'u 



at 



(1- 



Using the decomposition ( 17. 9b , we have 



and 



After these two estimates, it is easy to conclude that 



1 



(i-0(y)). 



(2 > _J^g-5'^(t-«o)g-xo/-R'^ 



The conclusion follows after integration in time. 



□ 



The proof of decay on the right hand side of the soliton requires more care, and is valid under the 
assumption limsupf^^o^ = and A > 0. We do not expect to have exponential decay in a 

general situation, but for our purposes we only need a polynomial decay. The following result is due to Y. 
Martel. 
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Lemma 7.4 (L^ -polynomial decay on the right the soliton solution). 

There exist K,xq > Q large enough but independent of e, such that for all t > Tq and for all xq > Xq 

{x — xo)\z'^{t, X + p2{t))dx < K, 

JR 

where a;+ max{a;, 0}. 

Proof. Take xq > 0, to,t > ti and define 

ho,xoit) z'^{t,x)(f>{y)dx; y -.^ x - {p2{to) + a{t ~ to) + xq), 

and 

Jto.xoit) ■■= / il{t,x)(l){y)dx. 



Here (f> is the cut-off function defined in ( |6.30l l, and (j is a fixed constant satisfying a > 2(c^ (A) — A). First 
of all we claim that there exists A' > such that (for simplicity we omit the dependence if no confusion is 
present) 

\dtito,xo{t)\ <K I {~zl + + ea\ex)cp]dx + if p(t)|Ui(R)e-^(*-*«)/^e-^^«/^, (7.12) 

Js. 

and 

\dtJt„xo{t)\ <K f (zL + ^' + 5')[0'+£a'(£x)(/.]dx + if||z(t)|U2(K)e-^(*-*'')/^e-^-°/^. (7.13) 



Indeed, these estimates are proved in the same way as in Lemma 16.41 and Appendix [D] For the sake of 
brevity we skip the details. 

From Proposition l7.2l and the exponential decay of z we have that both right-hand sides in (I7.12b -( |7?T3] | 
are integrable between to and +oo. We get 

P + OO I- 

ito.xoito) <K + i^)[cj)' + ea'{ex)(f\dxdt + Ke-^ sup p(t)||Hi(B)e-""°/^. (7.14) 

Jto Js. t>to 

In the same line, we have 

(■+00 

ito,^o(io) <K / {zl^ + Sl + + ea'{ex)(j)]dxdt + Ke-^ sup ||z(t)||ff2(R)e-^"°/^. (7.15) 

Jto Jr t>to 

Note that both quantities above are integrable with respect to xo ■ 

Let us denote ^o(y) '■= (piv)' ^"d (y) := £_j-i{s)ds, for j ~ 1,2. Recall that £_j are positive and 
increasing functions on M, with ^j{y) — > as zy — > — oo, and £,j{y) — y-' — > as y — > +oo. Integrating 
between xo and +co in ( 17.141 ). and using Fubini's theorem we obtain 

P + OO I- 

^i{y{to))z\to) < K / / {il + ~z-')[^o + ea'{ex)^i]+Ke-^sn^\\z{t)\\m{R)^~'"°"'. (7-16) 

Jto JR *>to 

and similarly, from ( 17.151 1 

^i{y{to)yzl{to,x)dx < Ks-h-^'^'" + Ke'^ sup\\Sit)\\HHR)e-'^°^'' ■ (7.17) 

t>to 

In conclusion, thanks to the exponential decay of z and ( l7.16l )-( l7TT7t . we have 

n+oo /• 

/ ^i{x — P2{t) — xo){zl. + z^){t, x)dxdt < +00. 
to JR. 

Furthermore, note that for all t > to one has p2{t) < P2{io) + (^{t — to)- Thus we have 

f + 00 

';2 I ~2\ 



^i{y{'t)){zx + ^ x)dxdt < +0O. (7.18) 
In addition, an easier calculation gives us 

n+oo /• 

/ a' {ex)^2{y{t)){zl + S^)it, x)dxdt < +oo. (7.19) 

to JR 
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From ( 17. 18b and ( |7.19t . we can perform a second integration with respect to Xq in ( 17.161 ) to obtain 

Uy{to))i\to,x)dx < K{e), 
uniformly for xq large. Since to is arbitrary, this last estimate gives the conclusion. 



□ 



Lemma 7.5 (L^-integrability and smallness). 

Under the assumption ^7.31 ) the following holds. There exists K,To > large enough such that for all 
t ^ Tq one has u{t, ■ + P2{t)) G L^(M). Moreover, 



z{t) 



< 



1 

100' 



Finally, from the conservation law U.9h we have u[t) G L^{M.) for all t € ^and 

u{t) ^ I Q. 



(7.20) 



(7.21) 



Proof. Let a;o > io to be fixed below. First of all, note that if |a::| > xq we have 2^'^/^"^^'^^Qc^{x) < 
lQp-\fcZ\A^ In particular, since 5(t, x + P2{f)) — u{t, x + P2{i)) — 2~^/''"~^-'Qcoo {x), by using Lemma 
23] and the stability bound (I6.2l i. in addition to a Galiardo-Nirenberg type inequality, we get 



\~z{t,x+p2m < K\\^t,-+p2m\h^y>,pyit,-+P2m\h^^^ 

for all x < —Xq. 

On the other hand, inside the interval [— xq, xq] one has 

S{t,x + p2{t)) < Kxl/'rz{t,x + p2{tmli\^^ < Kx\l\^l\ 

The case a; > xo requires more care. From Lemma IT4l and the Cauchy-Schwarz inequality, we have (for 
clarity we drop the dependence on x + p2ii)) 



z(t) 



X>Xq 



< 



K 



(xo-5o)i/2- 



{l + {x~i,f)z\t)\ 



I 1/2 



< 



K 



for Xq large enough, independent of e. From the above estimates we finally obtain the smallness condition 
(IT20I 1. 

The final assertion, namely u{t) E L^{M.) for all i G M, is a consequence of Proposition 12. 1 1 It is clear 
that from this last fact ( 11.9b remains constant for all time and (17.21b holds. The proof is now complete. □ 

7.3.1. Conclusion of the proof From the above lemma we can use ( 17.211 ) to get the desired contradiction. 
Indeed, from ( 17.2b and Appendix lF.il we have 



lim 



'(^) = [1 ^ 2i/(™-i) - 



Q = (1 - Km) Q Km 



„2(™-l) 



2l/(m-l) ^ 



a contradiction with (17.20b . Indeed, for the cases m = 3, 4 we easily have 1 — Km > ttt ■ In the case 171 — 2 



we have K2 
concluding. 



_ 11/2. 

2 '-■00 1 



but from < |4.19t we know that Cqo < 2 3 . Thus we have 1 — > jn for every m. In 



lim 

t— ^+00 



z{t) 



a contradiction with ( 17.201 ). This finishes the proof of ( 11.351 ). 



□ 
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Appendix A. Proof of TheorembTT 



In this section we sketch the proof of Theorem l3.1l for the complete proof, see IBTII . 

Let (T'„)„gN C R an increasing sequence with T„ > ^T^ for all n and lim„_>.4_oo Tn = +00. For 
notational simplicity we denote by Tn the sequence (1 — A)T„. Consider Un{t) the solution of the following 
Cauchy problem 

j iun)t + iiun)xx - \un + aeul['')x ^ 0, inRtxR^, 
\w„(-T„)-Q(--f„). 

In other words, u„ is a solution of (aKdV) that at time t = — T„ corresponds to the soliton Q{- — r„). It is 
clear that Q{- — Tn) G i?*(R) for every s > 0; moreover, there exists a uniform constant C = C{s) > 
such that 

\\Q{- - Tn)\\H=(m) < C. 

According to Proposition 12. 11 and Proposition 12.21 we have that 7i„ is locally well-defined in time, and 
global for positive times in H^{M.). Let /„ be its maximal interval of existence. 

Following II3TI . the next step is to establish uniform estimates starting from a fixed time t = —^T^ < 
large enough such that the soliton is sufficiently away from the region where the influence of the potential 
fle is present. This is the purpose of the following 

Proposition A.l (Uniform estimates in H'^ for large times, see also lISTl '). 

There exist constants K,^ > and Eq > small enough such that for all < e < Sq and for all n (z N 
we have 

[-r„,--Te] C /„, (namely Un G C{[-Tn, --T^], H'' 



2 cj _ ^ /t 1 V J ^IL "-^ V L ■^ ii'l 2 

and for all t G [— T^i, ~^T^], 

WMt) - Q{- - (1 - A)t)ll^.(K) < Ke-^e^'\ (A.2) 
In particular, there exists a constant > such that for all t G [~Tn, — ^T^] 

\\Un{t)\\H'm^(^s- (A.3) 

Using Proposition lA. 1 1 we will obtain the existence of a critical element mq,* G WiM), with several 
good compact properties, non dispersive and uniformly close to the desired soliton. 

Indeed, consider the sequence {un{~\Te))nen Q H^{R). We claim the foUowing result. 

Lemma A.2 (Compactness property). 

Given any number 5 > Q, there exist Eq > <^nd a constant Kq > large enough such that for all 
< e < £0 <^nd for all n G N, 

uH-It,) < S. (A.4) 

Proof. The proof is by now a standard result. See [ 3 1 1 for the details. □ 
Let us come back to the proof of Theorem l3.1l From ( IA.3l l we have that 

|lu„(-r,/2)|lffi(R) < Co, 

independent of n. Thus, up to a subsequence we may suppose iT^) w* .o in the i/^(R) weak sense, 
and Un{—\Te) — >■ m*^o in i^^^(R), as n — > +00. In addition, from ( |A.4t we have the strong convergence 
in L^(R). Moreover, from interpolation and the bound (|A.3l l we have the strong convergence in ^^^(R) for 
any s > 1. 

Let = u*(<) be the solution of dLlb with initial data iT^) — u^,,o. From Proposition 12. 1 1 we 
have G C(/, H'^{M.)), where — ^Tlr G /, the corresponding maximal interval of existence. Thus, using 
the continuous dependence of u„ and it*, we obtain 7i„(t) — >■ in _ff''(R) for every t < —^T^ C /. 

Passing to the limit in (IA.2l i we obtain for all t < —\T^, 

\\u.{t) - Q{- - (1 - A)t)ll^.(R) < ife-^e^^*, 
as desired. This finish the proof of the existence part of Theorem [3.1| 
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A.l. Uniform estimates. Proof of Proposition lA.H In this paragraph we explain the main steps of 
the proof of Proposition lA. 1 l in the case; for the general case the reader may consult ISTl . 
The first step in the proof is the following bootstrap property: 

Proposition A.3 (Uniform estimates with and without decay assumption). 

Let TO = 2, 3 or 4, and < A < Aq < 1. There exist constants K, 7, Eq > such that for all < e < Eq 
the following is true. 

(1) Suppose m — i or m — 2,4, with A > 0. Then there exists > Q such that for allO < a < Oq, if 
for some — T„^* G [— r„, — ^T^] and for all t S [—Tn, —Tn^*] we have 

WMt) - Qi- - (1 - A)OIUmR) ^ 2a, (A.5) 
then, for all t £ [—Tn, — Tn,*] 

\\un{t) - Qi- - (1 - A)<)||hi(e) < Ke-^e'^'. (A.6) 

(2) Suppose now to = 2, 4 and A = 0. Then the same conclusion f |A-6| ) holds if for some —Tn,* G 
[— r„, —^T^\ and for all t G [-Tn, —Tn,*\ one has 

\\un[t) - Qi- - (1 - A)t)llffi(K) < 2Ke-h'^\ (A.7) 

Proof of Proposition \A.l\ assuming the validity of Proposition lA. 3| We prove the first case, the second one 
being similar. Firstly note that from dA.ll ) we have 

\\Uni-Tn) - Q(-(l - A)T„)||^l(i{) = 0, 

SO there exists to — toin,a) > such that iA.Si holds true for all t G [— T„,— T„ + to]. Now let us 
consider (we adopt the convention „ > 0) 

-f,,„ :=sup{tG [-Tn,-^T,] I foralH'G [-T„,t], ||u„(i') - Q(- - (1 - AK)lkHK) < M- 
Assume, by contradiction, that —T^.n < —jT^. From Proposition lA. 31 we have 
\\unit') - Qi- - (1 - A)t')llHi(R) < /ve-^e^^* < a, 
for e small enough (recall that t < —^T^ = ~ 2(i-a) ^ contradiction with the definition of 

T*,n- I— 1 

Now we are reduced to prove Proposition lA. 31 

Proof of Proposition \A.3\ The first step in the proof is to decompose the solution preserving a standard 
orthogonality condition. To obtain this fact, and without loss of generality, by taking T„ * even large we 
may suppose that for alH G [— T„, — T„ 

\\unit) - Qi- - (1 - X)t - r„(t))||Hi(R) < 2a, (A.8) 

for all smooth r„ = r„(t) satisfying r„(— T„) = and < j2- A posteriori we will prove that this 

condition can be improved and extended to any time t G [— T„, — ^T^]. 

For notational simplicity, in what follows we will drop the index n on —T^,^n and u„, if no confusion is 
present. 

Lemma A.4 (Modulation). 

There exist K, 7, Eq > ^nd a unique function po : [—Tn, —T^,] — > M such that for all < e < Eq 
the function z defined by 

zit,x):=uit,x)- Rit,x); Rit,x) -.^ Qix - {1 - \)t - poit)) (A.9) 

satisfies for all t G [—Tn, —T*], 

I zit,x)R4t,x)dx^0, [\zit)\\H^R) < Ka, po(-r„) = 0. (A.IO) 

JR 

Moreover, z satisfies the following modified gKdV equation, 

zt + {z.. - Az + ae[(i? + zr - i?"] + (1 - a.)i?"'}^ - Po(i)^- = (A-H) 
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and 

Ip'oWI < Kle'-" + \W)\\hH^) + (A.12) 

Proof of Lemma \A~4\ The proof of ( I A. 101 ) is a standard consequence of the Implicit Function Theorem, the 
definition of {— T*.„), and the definition of m„(— r„) given in ( lA.ll i. see for example |31 1 for a detailed 
proof. Similarly, the proof of (lA.lll i follows after a simple computation. 

Now we deal with ( IA.12l i. Taking time derivative in ( IA.9b and using (lA.llb . we get 



ztRx - (1 - A + po) / zR^x 

{z,x - z + a,[{R + zr - i?"'] + (1 - +Po f Rx{Rx + Zx). 

First of all, note that 

/ RxiRx + Zx)= [ g'2 + O(||z(0IU2(K)). 

On the other hand, from dl.lSl l. ( lA.lQI i. the uniform bound on /Oo(i) in the definition of and the expo- 
nential decay of R, we have 



^(1 - a,)R"'Rx 

Indeed, first note that from ( IA.8I 1. by integrating between — T„ and t and using (lA.lOb we get 
Thus t + pf){t) < t + iiTe^+Twr < j^t. Therefore, by possibly redefining 7, we have from d 1.1 3b , 



(A.13) 



/ (1 - a,)R'^Rxx < K f 



^lex ^-{m+l)\x-{t+po(t))\ 



< 



A'exp [ye{t + po(i))] + -ftTexp [7(771 + l){t + po(0)] < ^e''^*- 



Finally, 



/ R..{z.. - z + a,[{R + zr - i?'"]} = 0(|lz(i)|U.(ii) + 

Collecting the above estimates we obtain (IA.12b . □ 

A. 1 . 1 . Almost conservation of mass and energy. Now let us recall that from remark lzTl the modified mass 
defined in ( 12.8b satisfies 

M[u]{t) < M[u]{-T,,). (A. 14) 

for all -r„ < t < -^Te. Moreover, in the case m = 2, 4 and A 0, since ( 11.201 ) and ( IA.7b hold, there 
exist if, 7 > such that 

M[u]{t) < M[u](-T„) + iCee''^*, (A. 15) 

for e small enough. By extending the definition of M[u] to the latter case, we have almost conservation of 
mass, with exponential loss for all cases. 

Similarly, note that in the region considered the soliton R{t) is an almost solution of ( 11.151 ), in particular 
it must conserve mass M ( 12.8b and the energy Ea ( 11.211 ). at least for large negative time. Indeed, arguing 
as in Lemma 163] (but with easier proof), one has 

^a[i?](-T„) - Ea[R]it) + (1 - A)[M[i?](-T„) - M[R]{t)] < Ke^'K (A.16) 

for some constant K > Q and all time t e [— T^, T*] 

The next step is the use the energy conservation law to provide a control of the R{t) direction (note 
that R{t) is a essential direction to control in order to obtain some coercivity properties, see Lemma lZST l. 
Following e.g. Lemma l574l one has 

K 



Rz{t) 



< 



1-A 



\zit)\ 



(A. 17) 
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for some constants 7 > 0, independent of e. 

Now, consider Ea [u] and M[u] the energy and mass defined in ( ll.21l )-( IZ8T l. Then one has 



Ea[u]{t) + (1 - X)M[u]{t) = Ea[R]{t) + (1 - \)M[R]{t) - J z{a, - 1)R"'+Mt), (A.18) 

where J^q is the quadratic functional 

J-o(t) 1 / {zl + Xz^) + (1 - A)M[z] ^— f a,[{R + z)"'+^ - - (m + l)i?™2]. 

2 Jr m + 1 

In addition, for any t e [— T„, — T*], 



/ z(ae-l)i?" 



<i^eT^*|lz(t)|U2(R). (A.19) 



The proof of this identity is essentially an expansion of the energy-mass functional using the relation 
u(t) = R{t) + z{t). Theproofof ( lAl9] l is similar to dAlSl ). 

On the other hand, the functional (t) above mentioned enjoys the following coercivity property: there 
exist K, Aq > independent of e such that for every t e [— T„, — T*] 

2 



R{t)z{t) 



Ke-'^zmUm-KUrnhm- (A.20) 



This bound is simply a consequence of the inequality A + (1 — A)ay™(a;) > 1, ( lA.lOb and Lemma |23] 

A. 1 .2. End ofproofofProposition \A.3\ Now by using ( IA.18I) . ( IA.20I ). and the estimates ( IA.14l )-( IA.15b and 
(IA.17b we finally get (IA.6b . Indeed, note that 

Ea[u]{t) ~ Ea[u]{-T,-,) + (1 - X)[M[u]{t) - MM(-r„)] < ife^-^*. 

On the other hand, from ( lA.lSb and ( lA.lOk 

Ea[u]{t) - Ea[u]{-Tr,) + (1 - X)[M[u]{t) - M[u]{~T„)] 
> Mt) - Ke^'' ~ Ke"'\\z{t)U2^M), 
since z(-T„) and Toi-Tn) ^ 0. Finally, from (lOOl i and lAlTl we get 

llz(t)llHMR) <^e^'*- 

Plugging this estimate in ( IA.12b . we obtain that |po(i)| < Ke^'^*, and thus after integration we get the final 
uniform estimate (I A. 6b for the i7^-case. Note that we have also improved the estimate on p'git) assumed 
in ( IA.8b . This finishes the proof. □ 



A. 2. Proof of Uniqueness. First of all let us recall that the solution u above constructed is in C(R, 
for any s > 1, and satisfies the exponential decay (13.2b . Moreover, every solution converging to a soliton 
satisfies this property. 

Proposition A.5 (Exponential decay, see also 131]). 

Let m — S, or m — 2, A with < A < Aq. Let v = v{t) a C(R, ff^(R)) solution of liLli satisfying 

lim ||«(t)-Q(--(l-A)t)||Hi(R) -0. 
Then there exist 7, £o > such that for every t < — we have 

\\v{t) - Q{- - (1 - A)t)||HMK) < Ke-^e-^'K 
Proof. Fix a > small. Let Sq — eo(a) > small enough such that for all e < Eq and t < —T^ 

\\v{t) - Q{- - {I - X)t)\\Hi(^) < a. 

Possibly choosing Eq even smaller, we can apply the arguments of Proposition I A. 3 1 to the function v{t) on 
the interval (—00, — -^T^] to obtain the desired result. Indeed, we follow Proposition ! A. 31 part (1). Lemma 
|A.4| holds for z{t) :— v[t) — Q{- - (1 - X)t - poit)) and t < —\T^, but now we have, by hypothesis, 

lim |poW| + ||z(t)|Ui(K) -0; 
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and therefore limt^_oo J'oit) — (this can be done in a rigorous form by taking a sequence t„ — — oo 
large enough and such that ||w(tn) — Q{- — (1 — ^)tn)\ \ (r) ^ ^- With this choice one has |po,n(^n)l + 
1 1 (in ) 1 1 _ff 1 (R) 0, independent of e. Rerunning as usual the proof in the interval [i„ , t] and finally taking 
the limit n +oo, we obtain the conclusion.) The rest of the proof is direct. □ 



Remark A.l. For the proof of the above result a key ingredient is the monotony of mass from remark |2~T1 
this property apparently does not hold in the cases X — 0,m — 2,A. 

Now we are ready to prove the uniqueness part. 

Sketch of proof of uniqueness. Let w{t) := v{t) — u{t). Then w{t) G H^{M.) and satisfies the equation 

iwt + {w^:c- Xw + a,[{u + wr -u"']), = 0, inMtxM,, 
\\\w{t)\\HiiM) < Ks-^e-''' foralH<-iT,. 

The idea is to prove that w{t) = for all t e M. For this purpose, one defines the second order functional 
Mt) --^l I ^l + l I ^— I a,{x)[{u + - u"'+^ - (m + l)u"'w]. 



2Jr ^ 2 7r m + l _ 

It is easy to verify that 

(1) Lower bound. There exists K > Q such that for all t < —■^T^, 

Mt)>l [ {wl+w^-mQ"'''w^)it)-Ks~'e^''sup\\w{t')\\l,, 

2 JR t'<t 

(2) Upper bound. There exists K,j>0 such that 

Mt)<Ke-^e^'' sup||u;(i')ll?/i(R). 
t'<t 



These estimates are proved similarly to the proof of Lemma 15^ However, this functional is not coercive; 
so in order to obtain a satisfactory lower bound, one has to modify the function w in (— oo, —^T^] as 
follows. Let 

m:-wit)+bit)Q'{--t), bit) 

Jr ^ 

This modified function satisfies 

(1) Orthogonality to the Q' direction: / w{t)Q' {■ - = 0. 

(2) Equivalence. There exists Ci , C2 > independent of e such that 

Ci\\w{t)\\miVL) < \\w{t)\\HHR) + Ht)\ < C2\\wit)\\m(R). 

Moreover, 



2 

(3) Control on the Q direction 



w{t)Q{--t) 



<Ke-'e'-''sup\\w{t')\\HiiM). 
t'<t 

This property is proved similarly to the proof of ( |6.15t : We use the fact that variation in time of 
the above quantity is of quadratic order on w. 
(4) Coercivity. There exists A > independent of t such that 

2 



w{t)Q{--t) 



2 

(5) Sharp control. From the equivalence w-w and the coercivity property we obtain 

WmWH^iR) + em\ < A'e-V^*/2sup||ii;(i')||ifi(R). (A.22) 

t'<t 

Note that the bound on b{t) is proved similarly to ( |6.14| i. 
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The proof of these affirmations follows closely the argument of Proposition 6 in ||3T1 . with easier proofs. 
Finally, from ( IA.22l i we have for e small enough and t < —-^T^, 

||w(i)||Hi(R) < ^£"^e^''*sup||w(i')||ifi(K) < sup 
t'<t ^ t'<t 

This inequality implies w = 0, and in conclusion the uniqueness. □ 



Appendix B. Proof of Proposition |4T2] 

The proof is similar to Proposition 2.2 in |36 | and Appendix in 135 1. 

Proof. First of all, we recall the error term S[u] introduced in ( 14.91 ), subsection l4.2l 
We easily verify that 

S-iu] = I + II + III, (B.l) 

where (we omit the dependence on t, x) 

I:=S[R], II = II{w):=wt + {wa,a:-Xw + ma,R"'-'^w)^, (B.2) 

and 

III:= {aeiiR + wY" - R"" -mR"'-^w]}^. (B.3) 
In the next lemmas, we expand the terms in ( IB. 11 1. 

Lemma B.l. Suppose m = 2, 3 or 4. We have 

I = eF,{st; y) + ^(y^g™)^ + fi{et)Fl{y), (B.4) 



where 



a a™ 



|2 

and \fiiet)\ < K, e 3^. Finally, for every t € [~T^, T^] 

\\e''fi{et)F',{y)\\H^(K)<Ke\ 



Proof of Lemma \BM Recall that a a™! and 



fl(t,x)^ y^x~p{t), dtp{t) = c{et) - X. 

a{ep{t)) 



Thus we have 



a a a"' a a a™ 

Note that via a Taylor expansion, 

{a{ex)QTh = a{ep){QTh + ea'iep){yQ^% + le'a"{ep)iy'Q:^), + OH2iM){e'). 
Therefore, 

a a TO — 1 a'" a a a a 



2a^ 



iy'QT)^ + e'fiist)F^{y) 



1 Fc' a' Ffl' 

^(Q'c' - cQ, + QTY + ^AQe - £^(c - X)Qc + —{yQT)y 

s[^AQ, - 4(c - A)g, + 4^iyQT)y] + '^{y'QT)y + e^fi{et)Fi{y). 
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Moreover \fi{et)\ < K, F^{y) e y and 

||£V/(rf)^/(y)IU^(M) < ife^ 
This finishes the proof. □ 

Lemma B.2 (Decomposition of II). We have 

II = -e{CA,)y{et; y) + e\A,)t + c' {et)kA,]{et- y) 

a{ep) 

with F^^{et; •) G y, uniformly in time. In addition, suppose (IP) holds for Ac. Then 

||£3F,"(et;y)||^.(M) <X£3g-7e|t|. 

Proof. We compute: 

II = e{Ac{et;y))t+e[{Ac)yy{et-y)~\Ac{et-y) + ^^mQ'^-\y)Ac{et-y)\ 

a[ep) 

= -e{CAc)y{et; y) + e^{Ac)t{et- y) + e'c' {et)KAc{et, y) 
+fne'^^{yQ":-\y)Ac{et; y))y + e^Fl\et- y), 

where F^^(et; y) = 0{y'^Q'^~^{y)Ac{et; y))y) e 3^ and thus, thanks to the (IP) property, 

\\e^Fl\et-y)\\H^^^)<Ke\-^'\'\. 
This concludes the proof. □ 
Lemma B.3 (Decomposition of III). Suppose (IP) holds for Ac. Then we have 

III = e^a'{ex)[e^-^A^{et- y) + F™(et; y)] + e^a,G^^\et- y), 
with Fj"(et; •), G"'(rf; •) G J^, uniformly for every t g [— Te, T^]. Moreover, we have the estimate 

||III||h^(r) <i^£V^^I*l, (B.5) 

for every t G [-T^,Ts]. 

Proof. Define III := a^[{R + w)"^ — i?™ — mR"^~^w]. We consider separate cases. First, note that for 
m — 2, III = a^w'^ — e'^a^A^; thus taking derivative 

III ^ a' {ex) Al+e^a,{Aly. 
Note that (A^)' e y because (IP) property holds for Ac. 

Suppose now m — 3. We have III — e^a^[ZQcA^c + From this we get 

III = e''a'{ex)[iQcAl + eAl] + e''a,[i{QcAl)' + e{Aly]. 
Finally, for the case m = 4 

III = {a,e''[&QlAl+AeQcAl+e''Ai]]^ 

= e''a'{ex)[QQlAl + Ae^QcAl + e^A^] + e^aMQlAl)' + 4£(Q,A3)' + e^{At)']. 
Under the (IP) property, for each m = 2, 3 and 4, we can estimate III as follows 

||III||^.(R) <X£2g-7-l*l. 

□ 

Now we collect the estimates from Lemmas lB.lllB.2l and lB.3l We finally get 
S[u] = I + II + III 

= e[Fi - {CAc)y]{et;y) + e\Ac)t + c\et)AAc]{et; y) + (^(e^e-^-l*!), 
provided (IP) holds for Ac . □ 
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Appendix C. End of Proof of Lemma |4~6] 
In this section we will show that for all t e [-T^, Ti,] (cf. ( 14.291 )) 

<if£«e-^^l*l, (C.I) 
where u is the modified approximate solution defined in ( 14.261 ). 

Proof of iC.lh Similarly to the proof of Proposition |4!2] in Appendix|Bl we claim that we can decompose 

S[u] =1 + 11 + III, 

(cf. the definitions in (IBT1i-(IB3]|). 

First of all, note that the conclusions of Lemma IbTI in Appendix |B] remains unchanged. In particular, 
iBAi holds without any variation. 

Concerning the term III, we have the following 

Claim 5 (Decomposition of III revisited). We have 

III = e'a'{ex)[e"^-'vTAT{£t;y) + F^'\et;y)]+ e'a,[Gl'\et;y) + s^^-'irjTYA^], 
with Fj"(£t; •), Gj"(ei; •) G y, uniformly for every t G [—T^, T^]- Moreover, we have the estimate 

||lil||^2(R) <Xe2e-7e|t|^ (C.2) 

for every t e [-Te,T^]. 



Proof. The proof is identical to Lemma IB31 being the unique new element in the proof the emergency of 
the term 

e^+ia^ryD'^r, with ||e"+ia,(77r)'^rilH^(M) < ^e"+^e-^^l*l. 
The other terms and their respective estimates remain unchanged. This finishes the proof. □ 

Finally we consider the term II. 

Claim 6 (Decomposition of II revisited). We have 

11 = -ery,(y)(£A,),(rf;y) + OH^(R)(eie-^^l*l). 
Proof. We follow on the lines of the proof of Lemma |BT2] First we have 

{£A^{et;y))t = -{c - X)e'^7]'^Ac{et;y) - {c- X)ei]^{Ac)y{et;y) 
+e\{Ac)t{et; y) + e^c' {et)'q,AAc{et; y). 
We use now Lemma |43] and (14.28b to estimate this last term. We get 

{eA#{et- y))t = -{c - \)e'nM{Ac)y{et; y) + 0^2(R)(£ie-'^^l'l). (C.3) 

On the other hand, 

- AA# + -^^mQ^-\y)A#), 

= e{rkPc),, - \A, + ^mQr '(y)^c] + 2eTi'Mc)v + 

= ei^,[{A,)yy - \A, + -g-^mQ™-i(y)A4 

+e''[iri'^{A,)yy - H_A, + a.mrl^Q^-^A, + Set?" (^c)y + A^ 

= en,{{A,)yy - \A, + mQ™-i(y)A,]^ + e^^^rJ^Wr^ A,)y 

+e\iTl^{A,)yy - Xri^A, + a.mr^'^Q'^^^ A, + 3£<'(A,)j, + e^^fU,] 
+0{eSe{y^Q'^-'A,)y). 
We use now Lemma |43] and the (IP) property to estimate as follows 



2 

me 



a'{ep) 



a{ep) 



i^M^~'A,)y\\^,.^<Ke\-'^'\'\, 
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and 

Therefore 



a{ep) 

er^,[{A,)yy^\A, + mQ^-\y)A,]^ + OH^K){e^e-'^'\'\+e^). (C.4) 
The conclusion follows from (IC.3I) and ( IC.4b . □ 
We return to the global estimate on S[v\. From (IB.4l l. Claims |5] and |6] and Lemma |43] we get 

S[u] = £[Fi(et,y)-77,(y)(£A,)j,)(£i,y)]+OH^(R)(£ie-T^I*l) 
= e(l - 77e(y))i^i(rf;z/) + OH2(K)(£5e-^-l*l). 

The final conclusion of this appendix is a straightforward consequence of the following fact: For every 

t&[-T,,T,] 

||e(l-r;,(y))Fi(ei;y)|lH^(K) <ifee-*-'^^l*l ^Ke^"^. 
for e small enough. Indeed, note that supp(l — fyc(')) ^ — From (|B.4| i. 

|Fi(ei;y)| < ife-^l^l-^^l*!. 
From this estimate the desired estimate follows directly. □ 

Appendix D. Proof of Lemma IOI 

D. 1 . Proof of Lemma l6l4l Our proof of the Virial inequality (16.261 1 follows closely to the proof of Lemma 
2 in I 



Proof. Take t £ [ti, T*], and denote y := x — p2{t). Replacing the value of zt given by ( 16.131 1. we have 

Jr Jr Jr 

= 2 [ {zi:AM)x{zx.-Xz + mQ^-\y)z) (D.l) 

JR 

-(C2 W - A) ^zVAo(y) - 2(c2(t) - A - p'^m £ zQ'.^i^AM (D.2) 

+2 J^{zijA„{y)U{R + zr - R"' " mi?"-iz] (D.3) 

-24(t) / zAQ,,VAo(?y) + (C2 - A - p'2)(i) / z^ij'AJy) (D.4) 



+ / (zVAo(2/))x(ae-2)(i? + zr. (D.5) 
Jr 

Now, following [33] and by using ( 16.14b and ( 16.15b it is easy to check that for Aq large enough, and some 
constants 6o, £o small 



(IE31) + (EIII < A ^(,2 + ,2)(^)^-^|.| 



On the other hand, the terms (ID. lb and (ID. 2b goes similarly to the terms i?i and B2 in Appendix B of 
We get 

,2 , .,2w,x 
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Finally, the term jP.Si can be estimated as follows. First, from (16.1 11 1 and (|6.12| i we have for t > ti 

C2 W - Coo + 0(£i/2), p2{t) = (coo - X)t + 0{e^/^{t - ti)), 

and then 

9 119 

Y^Coo < C2(i) < —Coo; P2{t) > Y^(Coo " A)t. 



(D.6) 



On the other hand, we can write ( |D.5l l in the following way 
(El = 



(^Ao).(ae-2)[(i?, + zr-z™]z+ / VA„(ae-2)[(i? + z)'"-z"]z, 



m + 1 



TO + 1 



Then, from ( 11.131 ), ( |6.25t and by using that t>ti> iT^, we get for some constant 7 = 7(^01 Coo, A) > 
independent of e and D^, (cf. ( IA.13I ) for a similar computation) 



(V'Ao).(ae-2)[(i? + z)™-z"> 



Similarly 



and 



V'Ao(ae-2)[(i? + z)'"-z'"]z, 



< i^Aoe-^^*|l0(i)|Ui(K). 
< A-^oe-^^*||2(t)||Hi(K); 



m+1 



(V'Ao)x(ae - 2)0 
Finally, from ( I04t and dP^l l, 

£ / VAo(2/)«'(£a;)z™+i 



(R)- 



im+l 



<KA^e-'^''\\z{t)r^t 

In conclusion, (jD.5[) = (9(Aoe~''''^*||z(f)||/fi(R)), for e small enough. 

From ( ID. 6b we obtain the second term in ( 16.26b . Collecting the above estimates we conclude the proof. 

□ 



Appendix E. Proof of Lemma 16781 
The proof of this result is very similar to Lemma 3 in lf33l . 
Proof. First of all, recall that = 0(y(a;o)), with y{xQ) = x — (^2(^0) + c(i ~ ^o) + xq). Then we have 
dt [ u^<j> = - f (3u2 + (a + A)«2_^!!^^™+i)^'+ f u2^(3)_^£^ f a\£x)u^+^cf,, 

Jr Jr to + 1 TO + 1 Jjj 

and 

JR TO + 1 

Jr Jr m+l 



a^u ^ <p — a^u ^ (j) . (E.l) 

w + 1 Jr w + 1 Jr 

(see for example Appendix C in ll33l ). The conclusion follows from the arguments in ll33l . after we estimate 

the unique new different term. In particular, we have 

- / {3ul + + X)u^ - + f ^2^(3) < ^g-(to-t)/2ifog-xo/ifo. (E.2) 

Jk to + 1 J™ 
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Indeed, using that 1 / Kq < (7/2, we have (we discard the term with A) 



(3ui + av? 



TO + 1 



TO + 1 



Now we estimate the nonhnear term. Let i?o > to be chosen later. Consider the region t > ti, \x 
P2{t)\ > Ro- In this region we have from the stabiHty and the Morrey's embbeding 



\uit,x)\ < \\u{t) - R{t)\\ 



with 7 > a fixed constant. Taking < e < eo sufficiently small and i?o large enough, we have 



\mae{x)u 



m — 1 I 



< (t/4, in the considered region. Now we deal with the complementary region, \x 



P2{t)\ < Ro- From (16.11b and the hypothesis (t < ^(1 — Aq) we have 



\v{xo)\ > \p2it0) - P2{t) - (T{to -t)+ xo\ -\x- p2(<)| > ^a{to -t) + xo- Ro- (E.3) 

Thus we have < Ke^'^^*'"~*'^^^°e~^°/-^° . Collecting the above estimates we obtain ( IE.2I ). Now we 

claim that 

2e 



m + 1 



a'(ex)u™+V 



Ko 



(E.4) 



Indeed, denote x{t) := P2(tvi) + <^{t — io) + xq. Then from a < ^(1 — Aq) and ( 16.111 ) we have 

i{t) = P2{to) - P2{t) - cr{to - t) + {xo + P2{t)) 

> 2^^^° ^ + P2{to) +xa> -cr(to -t)+ + ^0, 



and thus for e small, 

2e 



m + 1 



< Ke 



This last estimate proves ( IE.4l i. Integrating between t and to we get ( I6.32l i. 

On the other hand, by following the same kind of calculations (see |33|), we have 



dt / {ul+u^- 



2as{x) 
'I 

TO + 1 



_|_^g-7eTjg-7e(to-t)/_fS'og-7£ano/ii:o 



In consequence, after integration we get ( 16.341 ). 

Now we prove ( 16.33b . The procedure is analogous to ( 16.321 ); the main differences are in ( IE. 3b and ( IE. 4b . 
For the first case we have that y{—xo) = x ~ {p2{to) + cr(i — ip) ^ 2:0) satisfies 

\v\ > \p2{t) - P2(to) - <y{t - to) + xo\ -\x- P2WI > - to) + XO-R. 

From the hypothesis we have that x{t) := ^2(^0) + ^(t — to) — a^o > > ^T^- Therefore (IE.4b can be 
bounded as follows 



2e 



m+1 



< Ke 



Collecting the above estimates and integrating between to and t, we obtain the conclusion. 



□ 
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Appendix F. Some identities related to the soliton Q 
This section has been taken from Appendix C in ll35l . 

Lemma F.l (Identities for the soliton Q). Suppose m > 1 and denote by Qc '■— C"'-i Q{^/cx) the scaled 
soliton. Then 

(1) Energy. 

Ei[Q] = \{\ - Ao) / = (A - \^)M[Ql with Ao = 

2 Jr m + 3 

(2) Integrals. Recall 9 = — \. Then 

Jk Jk Jr 

Jm + "J JR JR JR 
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